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ABSTRACT

;
i

This report presents a new wideband cyclotron-wave amplifier using
simultaneous rf coupling and dc pumping. A single quadrifilar helix is
operated so that its -1 mode is synchronous with the fast cyclotron wave
over the full helix passband (ka = 1 at w = a.). This coincides with
the condition for de¢ pumping when quadrupolar dc voltages are applied to
the four helix wires. The one helix then serves simultaneously as dc
pump structure and as slow-wave structure to couple rf energy into and

out of the beam waves.

A detailed analysis of simultaneous pumping and coupling is developed,
using appropriate coupled-mode equations. Expressions for gain, band-
width, and noise figure are presented in terms of practical tube param-
eters, especially for the case of a hollow beam in a helix with concentric
inner conductor. For the latter case, when the frequency dependence of.
all parameters is taken into account, the gain is found to vary by less
than 3 db over a frequency range in excess of 4:1. Since the amplifi-
cation process involves both the slow and fast cyclotron waves, its
noise figure depends in part on cathode temperature and is not extremely

low.

An experimental tube in S-band using a l-in.-diameter by 5-in.-long
helix and an (intended) 300-v, 100-ma beam was built and tested. An
unduly large helix-to-center-conductor gap (0.100 in.) was used because
of an erroneous early approximation for the dc pumping fields. As a
result of this and of spurious gun oscillations at currents above a few
ma, high-gain operation was not obtained. However, the dependence of the
low-gain behavior on all available parameters was closely examined and
found to be in excellent agreement with computations based on the analy-
sis. Moreover, the broadband nature of the gain was verified with the
observation of ~ 5-db gain over a 4:1 frequency range with all tube

parameters fixed.

Certain unexpected high-gain-Operating modes were also observed with
different tube parameters, particularly with different dc-pump-voltage
configurations. These are not fully understood as yet. They form an
interesting possible future extension for this work, in addition to further

development of the simultaneous pumping/coupling concept.
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I. INTRODUCTION

Parametric amplification using an electron beam as a parametric
medium has been studied by many researchers in the past few years. Both
longitudinal beam waves [Ref. 1] and transverse beam waves [Ref. 2] have
been utilized. Only the transverse cyclotron waves have so far provided

good performance.

The fast space-charge wave was studied by Louisell, Quate, Ashkin,
and others [Refs. 3,4,5,6]. Ashkin carried out an experimental investi-
gation, and poor performance of the fast space-charge-wave parametric
amplifier was found. The reason is that the ratio of plasma frequency to
operating frequency typically is a small number, so that the space-charge
waves are essentially of a nondispersive nature. As a consequence, those
space-charge waves at frequencies nwy, t wg, which have the proper
velocity synchronism will beat with the pump field or its harmonics,

thereby transferring their excitation to the signal frequency wave at wg.

The fast cyclotron wave was sucessfully used by Adler, Hrbek, and
Wade [Refs. 7,8]. 1In this operation the magnetic field plays an important
role in addition to that of focusing the beam. The signal mode is a fast
cyclotron wave on the beam. It is actively coupled to an idler mode,
which is also a fast cyclotron wave, by the pumping action of a high-
frequency, transverse, electric quadrupole field which oscillates at
twice the cyclotron frequency. This operation can be clearly shown as a

vector relation in the w-8 space in Fig: 1.

ve

FIG. 1. THE w-8 DIAGRAM OF AN
RF-PUMPED FAST-CYCLOTRON-WAVE
PARAMETRIC AMPLIFIER.

-1 - SEL-62-151




In matrix form:

Since the wave number of the pumping field is zero, the pumping
structure is a quadrupole with four straight bars. Input and output
coupling to the signal and idler modes is accomplished via the use of a
fast-wave circuit, such as a resonant cavity or Cuccia coupler, which
provides a transverse electric field. The low-noise advantage of this
type of tube arises because both interacting modes are fast waves carry-
ing positive energy, so that the initial noise can be stripped off by the
same coupler. DBoth modes increase their energy exponentially in the rf
pumping field. The experimental tubes described in Refs. 7 and 8 showed
excellent performance, with 20-db gain and a double-channel noise temper-
ature of 40°K (the noise figure 0.53 db) in the range of 400 to 1000 Mc.
Ashkin also built a tube operating successfully at 4137 Mc with 19-db
gain and a noise figure of 0.79 db (noise temperature 55°K) [Ref. 9].

The space-charge effects on this type of operation were studied by
Everhart [Ref. 10}. The causes of noise in the transverse beam waves
were studied by Lee-Wilson and Gordon [Refs. 11 and 12]. Methods of
discriminating the beam noise were studied by Robinson, Hart, and others

(Refs. 13,14,15].

Cyclotron waves can also be amplified by dc field pumping, as pointed
out by Gordon and others [Refs. 16 and 17). A wave analysis describing
the processes occurring in these devices was introduced by Siegman
[Refs. 18 and 19]. The signal mode in the dc-pumped case is a fast
cyclotron wave as in the Adler-Wade tube. DBut, the signal mode is
actively coupled to a slow cyclotron idler mode by the pumping action of
a dc transverse electric quadrupole field. This operation can also be
represented as a vector relation in the w-8 space as shown in Fig. 2.

In matrix form:

SEL-62-151 - 2.
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FIG. 2. THE w-8 DIAGRAM OF A DC-PUMPED CYCLOTRON-
WAVE QUASI-PARAMETRIC AMPLIFIER.

The use of dc fields rather than rf fields for pumping requires
either a series of successively rotated quadrupole segments or a con-
tinuously twisted quadrifilar helical structure in order to provide the
proper wave number ﬁp = -Zﬁc of the pumping field. Though the dc-
pumped quadrupole amplifier in many respects is similar to the rf-pumped
quadrupole amplifier, it possesses quite different characteristics in

performance and operation. Two significant differences are:

1. In the dc case the signal and the idler modes are not actually
"pumped” by the quadrupole fields, since no energy is delivered to
the beam from the dc field. The quadrupole field is merely acting
as a linking mechanism to achieve active coupling between the
signal and the idler modes;

2. Due to the fact that the idler mode is a slow cyclotron wave carry-
ing negative energy, the dc-pumped amplifier does not exhibit the
same low-noise performance as the rf-pumped amplifier.

Recently, Wessel-Berg proposed a magnetic field reversal to convert
cyclotron waves to synchronous waves and vice versa [Ref. 20]. He and
Bl;tekjaer also studied the coupling between cyclotron waves and synchro-
nous waves by axially symmetric and spatially periodic electrostatic or
magnetostatic fields, plus the coupling between two synchronous waves by
straight quadrupoles [Refs. 21 and 22]. Bass tested the electrostatic
ring structure, with about 12 to 18 db electronic gain [Refs. 23 and 24].

All of these devices consist of three important parts, namely: the
input coupler, the pumping section, and the output coupler. Although
their bandwidth is considerably broader than the solid-state parametric
amplifier, it is still limited in most cases by the relatively narrow

frequency response of the input and output couplers.
-3 - SEL-62-151
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The present report is a detailed study, both theoretical and ex-
perimental, of the possible wideband operation of a cyclotron-wave
amplifier using simultaneous rf coupling and dc pumping in a single
structure, as first proposed by A. E. Siegman [unpublished]. 1In this
operation a single circuit such as a quadrifilar helix is used to pro-
vide the coupling of a signal into and out of the fast cyclotron wave,
and also to provide the proper twisted dc electrostatic field to pump
the cyclotron waves. Due to the elimination of the frequency-sensitive
input and output couplers encountered in the conventional cyclotron-wave
amplifier, the bandwidth can be considerably broadened, since the pump
coefficient itself is independent of signal frequency and the coupling
coefficient can be made fairly insensitive to the signal frequency. This
operation can also be clearly illustrated in an «-8 diagram, as shown
in Fig. 3. A circuit wave having the same phase velocity as the fast
cyclotron wave over a wide band of frequencies is used to provide the
coupling, as in conventional traveling-wave tubes. The coupling helix
structure is also used to provide the dc pumping fields that couple the
fast and the slow cyclotron waves, causing amplification. (There is also
an alternate mode of operation which couples one of the synchronous waves
to the fast cyclotron wave to give similar results.) Figure 4 shows the
structural differences between the conventional parametric amplifier and

the present amplifier reported.

— beam waves
--- circuit wave

-ZE% -ﬁk V—_is ‘%; lé

FIG. 3. CYCLOTRON-WAVE AMPLIFICATION USING
SIMULTANFOUS RF COUPLING AND DC PUMPING.
Interaction is possible anywhere along the circuit
wave line with fixed beam voltage and magnetic field.
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amplifier
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lectron beam

b. Simultaneous coupling and
pumping amplifier

FIG. 4. A COMPARISON BETWEEN THE CONVENTIONAL
BEAM-TYPE PARAMETRIC AMPLIFIER AND THE
SIMULTANEOUS COUPLING AND PUMPING AMPLIFIER.

This report can be broken into two parts: 1) theoretical study and
analysis of the physical details and processes of the operation; and 2)
experimental design, tests, measurements, and comparison between theory
and experimental results. Chapters II end III cover the theoretical
aspects of dec pumping, rf coupling, and their combination, as well as
theoretical gain, bandwidth, and noise characteristics. Chapters IV and
V cover the design aspect, the construction of experimental tubes, the

experimental arrangements, and the results from the measurements.

In Chapter II the detailed analysis of dc pumping and rf coupling
using a quadrifilar helix is reviewed. The dc pumping includes a complete
wave analysis following the Eulerian approach with the assumption of
small pumping strength. The analysis provides physical understanding of
the interaction phenomena under various pumping conditions. The chapter
further contains a large-signal perturbation analysis following the
Lagrangian approach for the case of cyclotron-wave amplification. The

expression for the pumping coefficient found from this analysis is in
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agreement with that obtained from the wave analysis, and the slowing
down in the dc beam velocity for the amplifying electrons is confirmed.
Conditions required on the helix pitch, beam voltage, magnetic field,
etc., for the amplification of cyclotron waves are discussed. The rf
coupling includes a discussion of the normal modes of circuit waves and
transverse beam waves; their excitation and dependence on beam voltage,
magnetic field, and helix structure, etc.; and conditions required for
the proper coupling leading to interchange of energy between circuit and
beam waves. These analyses are generally similar to analyses carried

out previously by other workers.

In Chapter IIT coupled-mode theory is used to study the novel mode
of operation with simultaneous rf coupling between the circuit and the
beam, and active dc pumping on the beam. Energy flow and power conser-
vation is explained and the physical processes of operation are in-
terpreted. From the results of the coupled-mode analysis, the gain and
bandwidth as a function of the ratio 7T of the coupling coefficient to
the pumping coefficient is studied. This provides the basis for practical
designs operating in the same scheme. Dandwidths of more than 100 per-
cent are found possible for this type of operation. Although low-noise
operation is not an aim of this study, due to the existence of the slow
cyclotron wave, the noise characteristic of the tube is calculated as a
function of T assuming that there is no refrigeration of the beam. If
the beam is cooled down by a collimator as proposed by Wade [Ref. 25] or
by parametric refrigeration as proposed by Sturrock [Ref. 26} or by some
other means unknown at present, this tube can be operated as a low-noise
amplifier.

Chapter IV is devoted to the design and actual construction of an
experimental tube to test the preceding theory of simultaneous rf coupling
and dc pumping. In designing a quadrifilar helix to operate under this
scheme we have to meet both the pumping conditions and the coupling
conditions. The design procedure is to assume a specified frequency range
and from this to determine the corresponding radius and pitch of the
helix. At this point practical construction techniques are brought into
consideration, from which the size and the shape of the wire as well as
the material are decided. In designing the electron gun the simplest
type would be the immersed flow gun. Cancellation of lens effects is
considered in detail. The possibility of controlling the beam current is
also a consideration. Design procedures for the complete tube are out-

lined and several tentative designs for various frequency bands are
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tabulated. An experimental tube in S-band, using a quadrifilar helix
with center conductor and a hollow beam gun, was designed and constructed
in this laboratory. The special technique developed in our tube shop in
manufacturing the fine-wire large-radius quadrifilar helix is included.

In Chapter V the experimental data and results of the experimental
tube are presented and compared with theory. The fast cyclotron-wave
interaction is also found useful in measuring the -8 characteristics

of the circuit structure especially for the -1 mode,

Finally in Chapter VI, the work is summarized, with recommendations
for further research into the problems of other possible coupling, pump-
ing, and noise-reduction schemes, as well as efficiency, power capability,

and frequency limitations.
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II. GENERAL THEORY OF DC PUMPING AND RF COUPLI

This chapter contains two parts; the first part develops the detailed
study of dc pumping using both a Eulerian (wave) and a Lagrangian
(ballistic) approach; the second part deals with the possible rf coupling
between the circuit waves in the quadrifilar helix and the transverse
waves in the electron beam. The conditions for active pumping of the
fast and slow cyclotron waves and the conditions for wideband rf coupling
between the fast cyclotron beam wave and the -1 mode circuit wave are
specified. It is found that both conditions can be simultaneously ob-
tained by proper design of the helix and the beam.

A. CYCLOTRON-WAVE AMPLIFICATION BY TWISTED DC-PUMPING FIELDS

1. Complete Analysis from a Wave Point of View

Transverse modulation on an electron beam confined in a longi-
tudinal dc magnetic field will make the individual electrons rotate in
the transverse direction. The rate of rotation is determined by the dc
c = B e/m, which

is about 2.8 Mc for each gauss of magnetic field. Assume that the beam

magnetic field and is called the cyclotron frequency, «
has a constant velocity in the longitudinal direction; then due to the

transverse rotation, the electron will perform a helical trajectory as

shown in Fig. 5.

NAAAAN Y

\

individual electron path

FI1G. 5. THE HELICAL TRAJECTORY OF AN ELECTRON
WITH TRANSVERSE ENERGY AND CONSTANT AXIAL
VELOCITY IMMERSED IN AN AXIAL MAGNETIC FIELD.

This combination of rotational and translational motion of the
electrons can be considered as a wave motion. Since there are four
independent transverse mechanical modulations (namely, v,, Vyr X and y)
on the electron beam, it is logical that the beam should carry four

transverse normal modes or waves which span the four-dimensional space in
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the transverae plane. These waves have been discussed by Siegman [Ref. 2]
and others, and their important properties are summarized in Table 1.

TABLE 1. TRANSVERSE BEAM WAVES

' Symbol Type Wave Number® AC Energy Polarization

; Ag Fast Cyclotron Wave A, -5, + right hand
Ay Slow Cyclotron Wave Byt B, - left hand
A First Synchronous Wave Be + left hand
Ay Second Synchronous Wave B, - right hand

@
B, " £, B, = £, w, = cyclotron frequency, and u, # dc beam velocity.

u

o °

The normalized mode amplitudes of the four waves are a linear
combination of the four independent transverse modulations on the electron

beam. This relation can be expressed clearly in matrix form:

i
i
£ -
H

: ~ [~ ar 7
' Af-1 1 +j 0 0 Vg
T A, 1 -5 0 0wy
: NREE; (2.1)
’ Ay 1 -j  Jwe well| x
L A2_ Ll +j -ja;c wc‘ Ly -
where

Ap = Ag exp{jlwt - (Bg - B.)z]}

Xs = A, exp{j lwt - (B, +,30)z]}

~ i (2.2)
. Al = A exp{j [wt - Be z]}

Ag = Ag exp{jlwt - B, 2]}
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and

Ag = fast cyclotron-wave amplitude

A, = slow cyclotron-wave amplitude

A} = first synchronous-wave amplitude
A9 = second synchronous-wave amplitude

Conversely, the transverse rf modulation of the beam is a linear

combination of the waves,

v

- - ar +j i

Ve T sjwg -jw, 00 Ag e iBea

vy o, wy 0 0] A &P

Jlwt-B,z)
«& " (2.3)
ke,

x -1 1 -1 1 Ay

K i ki s

All the amplitudes of the waves are constant along the z-direction
provided there is no influence from external fields (except the longi-
tudinal dc magnetic field). But, they will be a function of 2z if there -
are either transverse electric or magnetic fields in the beam region.
They may be verying sinusoidally or exponentially or in arbitrary fashion

depending upon the type of field.

Now let us consider the dc-twisted electric field set up by a
quadrifilar helix as shown in Fig. 6. The potential distribution inside

the quadrifilar helix can be expressed approximately as
V= % K[2xy cos Zﬂqz - (x2 - y2) sin Zﬁqz] (2.4)

The derivation of this equation is shown in Appendix A. In this equation,
K is proportional to the dc pumping voltage and inversely proportional
to the square of the diameter of the helix; and ﬁq is equal to 27/p
where p is the pitch of the quadrifilar helix. The phase number of the
pumping field is then ﬂp S 2ﬁq.

This twisted dc potential provides a transverse electric field as

follows:
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-W%D #Vb
(o] o
a. Transverse plane b. The quadrifilar helix
at z=0

FIG. 6. THE AXIALLY SYMMETRICAL DC ELECTRIC FIELD SET UP
BY A QUADRIFILAR HELIX.

E = - %¥ = -K (y cos 2ﬁqz -x sin 2ﬁqz) (2.5)
E,6 = - &, -K (x cos 28 z +y sin 283 z) (2.6)
y 3y q* 7Y q )

We now proceed to investigate how these transverse electric fields
irfluence the electronic motion from a wave point of view. In order to

formulate the problem, we start from the equations of motion.

2
ay |, dx 4 .p . g (2.8)
w2 e My '

Since the transverse electron motion in a magnetic field has rotational
character, it is convenient to use circularly polarized components rather
than linearly polarized components. The relation between circularly
polarizeg components and linearly polarized components of a transverse

vector F 1is

=1 .
5 (2.9
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e Y I AL ST Y ST RS A e s,

and inversely

= (2.10)

where the subscript (-) represents the right-hand circularly polarized
component, for which the sense of rotation corresponds to the rotation
of electrons or particles carrying negative charge in the longitudinal
dc magnetic field; and the subscript (+) represents the left-hand circu-
larly polarized component with opposite sense of rotation, which corre-
sponds to the rotation of particles carrying positive charge in the same
magnetic field. The subscripts x and vy represent the linearly
polarized components in the x- and y-directions, respectively. Then,
the circularly polarized components of the position of electrons can be
found from Eq. (2.9) as follows:

ry = (X'jY)

(1 (o

(2.11)

(x +jy)

8O |

and the potential in the quadrifilar h¢ ix as shown in Eq. (2.4) can be

expressed as:

V- jk(r% SPe 2 e'Jz'Bq’) (2.12)

It can be easily proved that

.1- -3 2 - _1. _al
E+ = 5 (Ex _]Ey) 2 ar-
and
E = .l. + 3 ® - l —32-
-3 (E, JEY) 2 3ry
and the equations of motion become:
42 -j
T+, Jwe 2:1 + j7K r_ e J2ﬁqz =0 (2.13)
dt2 de
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- g Ty i

% dr +j2B,2

—5 - e 3= - Kty e - 0 (2.14)

Note the vital point that the field components E must be evaluated at
the electron position in writing the equations of motion. From Eqs. (2.3)
and (2.11) we have the wave expression for the circularly polarized rf

modulation as

Ty 'Eif'(As eIt Al) 1P (2.15)
c

r_ = _-'-l-(Af e+‘]ﬁcz - A2> eJ(wt -'BeZ) (2.16)
kwc

Due to the influence of the twisted dc field, the amplitude of the waves
is no longer constant along the direction of the beam. Consider a wave

quantity of the form:

~ 1 t -
S . ca) o4t Pe?) (2.17)
Assuming small modulation, the longitudinal beam velocity u, is
approximately a constant, and therefore:
L C=«2C + - C
de 9t Yo 3
from which we obtain a useful equation:
4 () ej(wt- Pe?) = ej(am “Per) _4 C(z) (2.18)
dt d(-!-)
Yo

This says the total derivative with respect to time of a product of the
function of z and a complex phase factor explj(wt - Bez)] is equal

to the product of the phase factor and the total derivative with respect
to z/u, of the said function of -z. With the phase factor

exp[j («t -ﬁez)] understood and kept in mind, we can simplify our
writing as

dca.y dc (2.18a)
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From Eqs. (2.15) and (2.16) and using the relation we just
obtained, we can easily obtain the derivatives of the circularly polarized
components in terms of normalized waves with the factor exp [j (wt -ﬁ%z)]

understood:

dr, u, [ dAg . -iBez u, dA

o m;('a?”"c"s) R ey v (2:19)
dr dA +8 dA

—_— % . 9 ——i + J cz + —u—o— ——g

T ™ ( JBA ) e . a2 (2.20)
2 2,2 , 2
d”..i(‘” - 326 ﬂ&-ﬁzA)e'Jﬁcz-—“s’—ff—l (2.21)
dtz k dzZ ¢ dl c's kwc dz2
a2r 2 7 42A dA +j 2 42a

= .. ___( —£ + 528, ﬁzAf) oMt o Bo dThy (2.22)

de? dz kac d22

Substituting these equations into the equations of motion (2.13) and
(2.14), we obtain the desired key equations which describe the influence

of the twisted dc field on the four beam waves:

2 -j aa dA +5 -j2
(d % . s, ff-’-) oIt -(—;‘-wﬂc —(—l-l> = jB, k,,(A, . ”3°’.A2>e g (2.23)
z

2
(d Ag . dAf) +iB 1 (d Az'iﬁc dAz) - -i8, kp(A, 3B 1) *i282 (5 94)
dlZ dz dl2 dz
where
2
kp"Kﬁc"-K—'()\}V A (2.25)
nB2 Buo 2ma

is defined as a pump factor since it is proportional to the dc pump

potential on the quadrifilar helix.
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It should be noted that Eqs. (2.23) and (2.24) are obtained
without specifying the pitch of the helix. It is found that we can
choose the proper pitch of the quadrifilar helix to achieve three dif-
ferent operating conditions of the dc pump:

1. Both the fast and slow cyclotron wave will be actively pumped by the
field if ﬁ = 28,, i.e., p = Ag = u,/f, or ﬁq = B.. Growing

cyclotron waves are obtained.

2. One cyclotron wave and one synchronous wave with the same parity
matrix element [Ref. 27) (i.e., they carry the same sign of ac
energy) will be passively pumped by the field if ﬁ *« B, i.e.,

P ~2\, or B, = 1/2 B.. Energy-beating phenomena and sinusoidal
energy transfer between the waves are obtained at small pump levels.

3. The first and second synchronous waves will be actively pumped by
the field if S5, = 0, i.e., p =@ or S, =0, or, in other words,
the field is no longer twisted. Growing synchronous waves will be
obtained.

The following paragraphs will discuss these three cases in detail,
with the assumption of small pumping strength. First it is assumed that
the solutions of the wave amplitudes of Eqs. (2.23) and (2.24) are of
Floquet form consisting of an infinite series of exponentials. Then,
equating the terms with the same 2z periodicity on both sides of the
equations leads to an infinite set of algebraic equations. However,
with the assumption of small pumping strength one can then neglect all
the equations containing higher order terms of the pumping coefficient
and leave only the equations of first order of the pumping coefficient
for further investigation.

a. Active Pumping on Both Cyclotron Waves (Case 1)

If we design the helix to be twisted at the same rate as the
electron rotates, so that the pitch of the helix is made equal to the
cyclotron wavelength traveling at the dc beam velocity, then we have
ﬁq = B.. Substituting this relation into Eqs. (2.23) and (2.24) and
equating the terms with the same 2z periodicity on both sides to the

first order of pumping only, as mentioned previously, we obtain

42a dA
s _ S .6 k. A 2.26
2 3B = iBe kp Ag ( )
dzAf+ B dAg iB. k. A (2.27)
122 3B dz “JPc Kp As .
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It is clear that both the fast and slow cyclotron waves are
pumped by the twisted dc field, while the two synchronous waves are not.
In order to solve this set of differential equations, we can assume the
exponential form A ~ C e¥?, where both the C's and ¥'s are constants.
The C's are determined by the initial condition at z = 0, and the v's
are the eigenvalues of Eqs. (2.26) and (2.27).

To find the eigenvalues, we first substitute the exponential
form of the solution into Eqs. (2.26) and (2.27) to transform the dif-
ferential equations to homogeneous algebraic equations. In order that
there exist nontrivial solutions for the C’s, the determinant of their

coefficients should be zero, 1.e.,

V2 - jBCV '.jﬁc kp
= 0 (2.28)

j'Bc kp V2 + jﬁcV
or
v g2 B2 =0 (2.29)

The solutions are
vy
= ta (2.30)

Y2

%

2 2

a:&,1+ﬂ‘2.1 Tk
V2 2 P

where

= +j8 (2.31)

Y4

3 %
ﬁ-%(‘l +f/§22+1) ’:,3c[1+
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It is evident that there will be four components associated
wvith each wave due to the properly twisted dc field, There is one ex-
ponentially growing component and one exponentially decaying component
along the z-direction. The other two components have a shift in phase
number from the original wave, and can be considered as space sidebunds
in a fashion similar to the frequency sidebands in amplitude or frequency
modulation. Each space sideband possesses a different phase velocity:
one of them is slower and the other is faster than the original unper-
turbed wave. These four components of the fast cyclotron wave are shown
explicitly in the phase plane «-8 diagram in Fig. 7 and those of the
slow cyclotron wave are shown in Fig. 8. The analytic expression for the

waves perturbed by the dc pumping field are:

k -k . .
Xf = [Afl e pl + Aiz e P‘ + Aﬁl er' + Af4 Q.Jﬁz] exp{j [wt-(ﬁe-ﬂc)z]} (2.32)

k -k . .
xs = [A.l e P* s Ay e LR Ay B o Agy e'Jﬁ‘] exp{j[wt-(ﬂe+ﬁc)z]} (2.33)
These can be expressed alternatively as:

j [we-(B-8, )
Kg = [By) cosh (kyz9p) ¢ Byy cos (B2 + 0] & el (2.32a)

" j lwe-(8,+8,):]
Aa = [Bal cosh (kpz"»s) + Bs2 cos (Bz + 85)] °J ? pe Bc ’ (2.33a)

where B’'s, ¢'s, and 6's are all constants determined by the initial
conditions. From Eqs. (2.32a) and (2.33a) one obtains a clear physical
picture for this dc-pumped active coupling. The effect due to this
coupling is an amplitude variation along the beam consisting of expo-
nential growth on which a sinusoidal variation is superimposed. Both
the fast and the slow cyclotron waves will grow at the same rate, with a
superimposed sinusoidal variation at the same space frequency. The
latter variation can be neglected after sufficient growth in magnitude
along the beam. The amplitudes along the beam due to this pumping are
shown in Fig. 9. Since the fast cyclotron wave carries positive power
and the slow cyclotron wave carries negative power, the energy will flow
from the negative-power-carrying wave to the positive-power-carrying wave.
Because of this interaction growing waves result, although the total
energy carried by both waves is unchanged.
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THE SLOW CYCLOTRON WAVE UNDER ACTIVE PUMPING.
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FIG. 9. THE WAVE AMPLITUDE ALONG THE BEAM UNDER
ACTIVE DC PUMPING.

b. Passive Pumping of one Cyclotron Wave and one Synchronous Wave

(Case 2)

If one designs the helix to be twisted at only one-half of the
beam rate, then the pitch of the helix is twice the cyclotron wavelength
traveling at the beam dc velocity. This case corresponds to putting
B =1/2 B.- Substituting this relation of wave constants into Egs.
(2.23) and (2.24) and then equating the terms with the same z-dependence
on both sides of the equations, one obtains the following two sets of

equations under the assumption of small pumping coefficient:

d2A,  dA , N
Ty e g " ife g Ay
z
> (2.34)
d2a, dA,
=B == = jB. ky A

dz2 c dz [+ P S J
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and

%A, dAg
d22

2
d2a,
dz2

dA;
dz

t b,

The first set of equa
cyclotron wave is coupled with
carry negative ac energy and ha

The

fast cyclotron wave is coupled

coupling is a passive one.

coupling is also a passive one
positive ac power and have the
analysis is done following the
that all the wave amplitudes va
is worthwhile to note that Eqgs.
(2.34) if one substitutes (B;)
we can solve Egs. (2.34) and, s
Assuming the exponent

of the waves, we then have from

2. By

Hence the solutions are:

V4 2

SEL-62-151

+ jﬁc 'd—z_ = +jﬁc kp Al

v3 . +J(ﬁc’kp)
= +:]_@£<1 + /1 -ik_R)’;'{
Be + k

> (2.35)

= -jﬁc kp Af

tions evidently shows that the slow
They both

ve the same group velocity, so this

the second synchronous wave.

second set of equations shows that the
This

since both of the associated waves carry

with the first synchronous wave.
same group velocity. A quantitative

same method as used in Case 1 by assuming

ry exponentially in the z-direction. It
(2.35) are exactly the same form as Egs.
for (-B.) in the equations of (2.35). So,

imultaneously, Egs. (2.35) are solved.

v . +5(8,. tk,)
1 - + lés 1+ ’1 + fEE T 3P P
2 Be - K,

ial form to be C e¥? for the amplitudes
Eqs. (2.34)
= 0 (2.36)
V2 . iBev
(2.37)

P
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It is clear that the solutions contain four components; each
has a different wave constant which is perturbed from its original wave
number by a definite amount determined by the pump coefficient. This
can be interpreted as each original wave being split into four space
components in a fashion similar to the sideband frequencies split from
amplitude or frequency modulation in the time domain. Each space side-
band possesses a different phase velocity; one of them is slower and the
other three are faster than the original unperturbed wave. The four
space sidebands of the slow cyclotron wave can be shown in a more realistic
way by plotting the phase plane «-8 diagram as shown in Fig. 10. The
four space sidebands of the second synchronous wave are shown in the

diagram of Fig. 11. The analytic expressions for the perturbed waves are:

" i (B +k -jk i (Bg-k ik j let- (B, *
X, - [A'l R N AT o LU p‘] Sl ) )
N j (B +k.) -jk i (B, -k ik j [we-8,1)
Ay = [Azl R TN T T P‘] Slorper (2.39)
These can be expressed alternatively as:
A, '[le cos (Byz+d,) + B,y cos (Byz +03).] exp{j[wt -(ﬁe + -21- ﬁc)z] (2.40)
'Kz = [le cos (Byz +¢y) + Bgg cos (Byz +02)] exp {j[wt-(ﬁe - —;-ﬁc)!] (2.41)
where B, ¢, and ¢ are all constants, and
. Be ‘ y By
2 2
(2.42)
4k ﬁc
By = = T

From Eqs. (2.40) and (2.42), we obtain a very clear physical interpre-
tation for this type of pumped passive coupling. The results due to this
coupling are the shifting of the original phase constant by -1/2 B., and
the adding of two different amplitude modulations on the original waves
along the space (z) domain with space frequencies 1/2 B % ky. The
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FIG. 10. THE «-8 DIAGRAM OF THE FOUR SPACE SIDEBANDS
OF THE SLOW CYCLOTRON WAVE UNDER PASSIVE PUMPING.
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FIG. 11, THE w-f DIAGRAM OF THE FOUR SPACE SIDEBANDS
OF THE PERTURBED SECOND SYNCHRONOUS WAVE UNDER
PASSIVE PUMPING.

shifting effect can be shown in Fig. 12. The phase velocities of the
perturbed waves are increased due to the shifting in phase constants.
The wave amplitudes have two components; both vary sinusoidally along
the z-direction with different rates. The constants B, ¢, and & are

determined by the input conditions.
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FIG. 12, THE «-£ DIAGRAM, SHOWING THE SHIFT ON PHASE CONSTANT.

Similar results can be obtained for the coupling between the

fast cyclotron wave and the first synchronous wave from the set of Egs.

~{ -3 (6, - kp)
c ) -) kp

vy S5 (B + k)
3g-ﬂ(11 1+%k2)‘:{35c P
. + k
P

(2.43)

From these one can conclude, following the previous analysis, that the

perturbed wave has its phase constant shifted by /5./2, and its amplitude

consists of two sinusoidal modulations along the z-direction. Their

analytic solutions should have the following form

Xf = [Bfl cos (Byz +dg) + Byg cos (Bgz +64)] exp {j[wt-(ﬁe - % ﬁc)Z]}

Xl = [B)) cos (Byz +¢)) + Byg cos (Bgz +65)] exp {5 lwt-(Gg + % Bc)zl}
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where DB’s, ¢'s, and 6's are constants determined by initial conditions

and:

B 4k, ~ B

B, =L 1 . _RPT_E .k

L 2 ﬁc 2 P

(2.44)

B 4k, ~ B

132--—(:-1 —_—23__(:.+k
2 ﬁc 2 P

The shift in phase constant is shown in Fig. 13.

wh

CONSTANT SHIFT TO THE RIGHT , P
IN PHASE CONSTANTS

——
N,/ /
ORIGINAL
UNPUM PED -ty
BEAM WAVES e 4
PERTURBED
- OR PUMPED
BEAM WAVES
/
/
/ /
L ya >
B -2 B 0 12 B £

FIG. 13. THE «-8 DIAGRAM, SHOWING THE SHIFT IN PHASE
CONSTANT DUE TO THE COUPLING BETWEEN THE FAST
CYCLOTRON WAVE AND THE FIRST SYNCHRONOUS WAVE.

c. Active Pumping on Both Synchronous Waves (Case 3)

If one designs a helix with infinite pitch, there will be just
four straight conductors equally spaced on an imaginary cylinder. Then
the two synchronous waves in the beam will be actively coupled together.
This case corresponds to setting the helix wave number ﬁq = 0, Substi-
tuting this into Eqs. (2.23) and (2.24) and then equating the terms with
the same z-dependence in both sides of the equations under assumption

of small pumping level, one obtains:
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s S B onans « 1

+ 3B, == = jBs ky A
2 3he =3 = 3 kp Ay (2.45)
dA
Thy - 58 —2 = -iB, kp Ay (2.46)
d22

These equations are in exactly the same form as Eqs. (2.25) and (2.26)

in Case 1 for the active coupling between the two cyclotron waves, if

one substitutes (-k_) for kp into the above equations. The eigen-
values of Eqs. (2.25) and (2.26), as shown in Eqs. (2.29) and (2.30), are
dependent on kg only; therefore, Eqs. (2.45) and (2.46) should have
exactly the same eigenvalues. The results obtained in Case 1 are equally
applicable in this case, except that the associated waves are different.

The eigenvalues are:

Y1 v3
= ta = 1jf3
Va2 V4
where
a y k
B[] . 4Kl P
= L1 + 'TF + 1] =
g 2 ¢

The wave solution is of the form:

Ay = [B); cosh (az +¢)) +Byg cos (B2 +6))] exp [jlat - S z)] (2.47)

Ag = [Bg) cosh (az +¢9) +Bgg cos (fz +69)) exp [j(at - Bg2)] (2.48)

where B’s, ¢'s, and O's are constants determined by the initial
conditions. The space sidebands that split from the original unperturbed

waves due to this pumping are shown in Fig. 14.

Due tc the coupling, both the first and second synchronous

waves will grow at the same rate. Since one carries positive ac power
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FIG. 14. THE SPACE SIDEBANDS OF THE SYNCHRONOUS
WAVES UNDER ACTIVE PUMPING.

and one carries negative ac power, the energy will flow from the negative-
power-carrying wave to the positive-power-carrying wave, due to their

active coupling. DBut the total energy carried by both waves is unchanged.

2. Small-Signal Analysis from a Ballistic Point of View

In this section, the trajectory of a single electron within the
quadrifilar helix will be examined. Only the case where the two cyclotron
waves are actively coupled together is presented, since this is the case
we are going to use for amplification. As shown in the previous section,
in order to achieve active coupling between the fast cyclotron wave and
the slow cyclotron wave, the pitch of the quadrifilar helix should be
equal to the cyclotron wavelength of an electron traveling at dc beam
velocity if the proper twisted dc field is to be established. This is
equivalent to saying that the helix should be twisted at the same rate
that the electrons rotate in the magnetic field. In the small-signal

analysis, the following assumptions are made:

Space charge effects are negligible,.

2. The axial velocity of the electron is a constant, and is uniquely
determined by the beam voltage,

3. The angular velocity of the electron is a constant, and is uniquely
determined by the magnetic field.

In order to simplify the mathematical presentation, a frame that

rotates and moves axially with respect to the stationary frame can be used.
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Since the quadrifilar helix rotates at the same rate as the electron

does, this suggests that the simplest way is to choose a frame in
synchronism with both the helix and the electrons. To state this more
precisely, a frame is used which rotates at the cyclotron angular fre-
quency and moves at the beam velocity in the same direction as the motion
of the electrons. As shown in Fig. 15, the relation between this rotating

and moving frame and the stationary frame is

X = x cos .t ty sin «.t

y' = y cos .t - x sin agt (2.49)

alld lnvetsely,
1 t ! : t
[+ ) [

y =y cos «.t +x' sin .t (2.50)

where «. 1is the cyclotron angular frequency,
u is the dc beam axial velocity,

X, Y, z are the coordinates in the stationary frame (abbreviated
as the S frame), and

x', y', z' are the coordinates in the frame which rotates around
the z-z' axis with @, and moves along the z-axis with
velocity u, (abbreviated as the RT frame).

Here we also assume that the dc beam velocity wu, is much less than the

velocity of light, so that relativistic effects can be neglected.
If an observer in the RT frame sees an electron stationary at
(a, 0.0) in its frame, the electron is then actually rotating around the

z-axis with radius a and angular velocity «,, und also moving along

c'

. the z-direction with axial velocity wu, 1in the stationary frame. This

o
means that a stationary electron in the rotating and moving frame traces

a helical trajectory in the stationary frame, and this is the actual case
for electrons with constant transverse velocity immersed in a dc magnetic
field. By adding the transverse twisted dc electric field, the trajectory
of the electron would be perturbed. It is the new trajectory of the
electron that will be found under the assumptions of small-signal analysis.
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FIG. 15. THE ROTATING AND MOVING FRAME
x', y', 2', AND ITS RELATION TO STATIONARY
FRAME x, y, 2.

The potential distribution within the quadrifiliar helix with
ﬁq = S, in the stationary frame is, from Eq. (2.4),

V = % [2xy cos 2B.2 - (x? - y2) sin 2ﬂcz] (2.51)

One can then obtain the potential distribution at the plane z' = 0 in

the rotating and moving frame by substituting the transformation Eq.
(2.50) into Eq. (2.51), giving

V= Kx'y' (2.52)

which is much simpler than Eq. (2.51) in the stationary frame. The
potential distribution in the transverse plane z' = 0 is shown in
Fig. 16. This plane actually represents any transverse plane in the
stationary frame corresponding to the specified time,

SEL-62-151 - 28 -




|
----Equipotential lines
—— Field lines

F1G. 16. POTENTIAL DISTRIBUTION IN THE TRANSVERSE
PLANE OF THE QUADRIFILAR HELIX.

The transverse electric fields are then:

Exl = -Kyl

(2.53)
Eyl = -Kx'

As stated in the previous section the cyclotron waves are proportional

to the transverse velocity of the electrons
Ag @ lvx+jvyl = vy
(2.54)
Ag © |vx -jvy| = v,

If one can show that the electron transverse velocity in a certain field
grows, this means that both the fast and the slow cyclotron-wave amplitudes

grow in similar faslion.
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Now consider electrons entering the input plane of the quadrifilar
helix at (x,, y,, 0) with angular rotation «, and axial velocity u,.
Due to the transverse dc electric fields, these electrons are no longer
stationary in the rotating and transposing frame. Their motion, however,
is uniquely determined by the fields and the initial conditions. Since
thz angular and axial velocity is assumed unchanged for small-signal
analysis, then the motion of the electron in the rotating and moving
frame would be along a straight line connecting the origin and its enter-
ing point at the input plane. This line can be expressed mathematically
as

YoX' - xgy' = 0 (2.55)
0).

for the electron entering at (xo, Yoo

Let us consider two special electrons, one entering exactly on

the x-axis and the other on the y-axis, with a distance r, from the

origin. Under small-signal conditions all other electrons will have
trajectories which are linear combinations of those of the two special

electrons.

1. Electron enters on x axis, or (r,, 0, 0): From Eq. (2.55) the
motion of this electron is restricted to the line y' = 0 in the
RT frame, i.e., along the x' axis. This electron will experience
a transverse electric field

Ego =0, Ey: = -Kx'
all the way along its path through the helix. This field will
produce a force on the electron in the same direction as its
transverse velocity. It is due to this force that the transverse
velocity of the electron will increase. However, the increase in

transverse velocity will result in an increase in the rotating
radius due to the dc magnetic field, given by:

M
ro= 2t (2.56)
wC

The growing form of the transverse velocity can be obtained from
the equation of motion

m—L = .eE = eKx' (2.57)
dt

Substituting r in Eq. (2.56) for x' in Eq. (2.57), one obtains

d
e LK ve (2.58)
dt €
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The solution of Eq. (2.58) in exponential form is

Ve ® Vg e(nK/wc)t' vo © o? (2.59)
where
a, » K . Kpg (2.60)
@elg wg

This solution says that the transverse velocity is growing ex-

ponentially with a growth factor a, as defined in Eq. (2.60).
Alternatively, both the fast and slow cyclotron waves will grow
in a similar fashion. It should be pointed out that this

solution is in agreement with the solution obtained in the wave

analysis. Comparing Eq. (2.60) with Eq. (2.24a), one will notice

a, = kp

Therefore, this electron corresponds to the exponential growth
component of the cyclotron waves. The trajectory of this electron
is along the x'-axis, growing exponentially as:

x' = r, e(K/n)t

in the RT frame, and is of the form

X =T

° e(K/B)t cos wct

y = g /B gin we (2.61)

z = uot

in the stationary frame. This is a helical cone path with redius
growing exponentially as shown in Fig. 17,
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F1G. 17. THE TRAJECTORY OF THE
~ ELECTRON ENTERING THE INPUT
PLANE OF THE HELIX ON THE
x-AXIS.

2. Electron enters on y-axis, or 0, rg, 0): Then from Eq. (2.55),
the motion of the electron is restricted to the line x' = 0 in
the RT frame, i.e., along the y'-axis. This electron will ex-
perience a transverse electric field

Exl = -Kyl, Eyl = 0
all the way along its path within the helix. This field will
produce a force on the electron in the reverse direction to its
motion in the transverse plane. Therefore its transverse velocity
will decrease due to this force. The equation of motion for this
electron is then:

dve ®
. -TKy' = - 2.62
TS Ky . ve ( )
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The solution shows that the transverse velocity of this electron
decays exponentially as

e-(nK/wc)t -y, %02 (2.63)

L

Vi o

and the decay factor is found to be the same as the growth factor
for those electrons entering on the x-axis. Since both cyclotron-
wave amplitudes are proportional to the transverse velocity of
electrons, the electrons entering on the y-axis correspond to the
decay component of the cyclotron waves, The trajectory of this
electron is along the y-axis, decaying exponentially as

y' = 1, e (K/B)E

in the BT frame, and is a shrinking helical path of the form

X = ~T, e'(K/B)t sin « .t
y =, e- (K/B)t (oo et (2.64)
z = uot

with a radius of the helix decaying exponentially as shown in
Fig. 18.

FIG. i3. THE TRAJECTORY OF THE

ELECTRON ENTERING THE INPUT z
PLANE OF THE HELIX ON THE
AXIS, y

y-
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It is seen that the small-signal analysis from a ballistic
point of view gives the same result as obtained from the complete
wave analysis. The amplitudes of both the fast and slow cyclotron
waves have an exponentially growing component and an exponentially
decaying component in the twisted dc electric field supplied by
the helix with p = A,. The exponential factor found in the
ballistic point of view, a, = k;, is exactly the same as the
factor found in the wave point of view.

3. Perturbation of Small-Signal Analysis from a Ballistic Point of

View - the Lagrangian Approach

In this section, the Lagrangian approach will be used to formulate
the three-dimensional equations of motion of the electron within the
quadrifilar helix, However, the complete solution of these equations is
found to be too complicated to be realizable. An alternative method is

used to find the first-order deviation from small-signal solutions.

The equation of motion of the electrons is:

427 7+ dT &
4t . (e + 42 4 (2.65
402 n(E + 4 B) )

in the electric field E and the magnetic field [, where T 1is the
position vector of the electron and 7 1s the charge-to-mass ratio for
the electron. The fields inside the quadrifilar helix in rectangular

coordinates are

E,), B = (B, B

E = (5, E, E,

where from Eq. (2.51)
E = . %¥ = K[y cos 2fez - x sin 2ﬁcz]

E, = - %¥ = K[x cos 2B,z + y sin 2ﬁcz]

E, = - %¥ = BK(2xy sin 28,2 + (x2 - y2) cos 28,z2]

and

B, = B = constant dc axial magnetic field.
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Substituting these fields into Eq. (2.65) one obtains the equations of

motion for three dimensions in rectangular coordinates:

2
§:§ = 7Ky cos 28,z - x sin 28,2} -7B %% 3

2
Q_% = 7K[x cos 2B,z - ¥y sin Zﬁcz] +nB %f $ (2.67)

dt

2
i:% = -nKﬁc[2xy sin 28,z + (x2- y2) cos Zﬁcz] J

These are three differential equations with three unknowns, namely,

x, ¥, z. If the initial conditions are specified, one should be able to
determine the successive positions of the electron completely. However,
since these are a set of simultaneous linear second-order differential
equations with periodic coefficients, explicit solutions for the three
unknowns are not easy to find. Since we are sure their first-order
solutions are of the form obtained in the small-signal analysis, it would
be convenient and reasonable to find the deviation from the small-signal
solutions. It is found that the mathematical manipulation is much
simpler if we consider the deviation in the rotating and moving reference
frame used in the previous section. Since we are mostly interested in
the growing components, we then will consider those electrons entering

on the x-axis at the input transverse plane of the helix only. If the
deviations from the small-signal solutions are defined as &x', 8y', 8z'
in the RT-frame, then the solution of the equations of motion (2.67) is
of the form

x' = xi + ox'

y' = yi + Sy’ (2.68)

z' = 2] + 5z’

where xi, yi, and zi, are the small-signal solutions, namely:
x| = 1, o (K/B)t

0 (2.69)

——
"

b
z{ = 0

for the electrons entering on the x-axis.
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Transferring Eq. (2.68) into the S-frame by using the transfor-
mation Eqs. (2.49), one obtains the form of solution for the electron
trajectory in the stationary frame as

x = [ro e(K/B)t 4 8x'] cos w.t - 8y’ sin .t
y = 8y’ cos ot + [ro e(K/B)t 4 Sx'J sin « t (2.70)
z = u,t + 82

In order to find the ©&'s, one can substitute Eq. (2.70) into the equa-

tions of motion of (2.67). Neglecting higher order terms of the &'s,

one obtains the following set of differential equations for the &'s

déx’ 1K 5.0 .9

de e
sy’ , 1K 5.0 . 9 7K . J(K/B)t . 4 K/B
By a2, [ 82 2%] (2.71)

as’ . . (K/B)t (K/B)t '
2 KB, 1, e [ro e + 26x ]

The solutions of Eq. (2.71) are readily found with initial condition

at t = 0

x' = 8y’ = 8z’ = 0 and

=5
[}
c

as
3x' = 0

v« Lo[(K/B 2 2 (K/Bye _ 1 2 % _3(K/B)t
dy 5 [( g + B85 rg uct) e 1 (Berg) /5 e ] (2.72)

2 2
. u, 5% r
$z2' s - 9°¢c "o 2(K/B)e _ 9 K -1

‘ 4 K/B [e B ¢ ]

This solution shows that the deviation along the x'-axis is zero, i.e.,

the transverse-wave amplitude grows according to the small-signal

analysis. The deviation in the y’'-direction grows as e3(K/B)t. and

.e2(K/B)t

that in the z'-direction as
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This solution is for the most favorable electrons only. The
deviation in position from the small-signal solutions along the
z-direction evidently shows that their axial velocity is decreased. The
amount by which the beam axial velocity is slowed down is:

¢
Sv, = dg: = - % u, ﬁg rg [ez(K/B)t - l]

The lagging in position lowers the potential energy of the electrons
because they move to a position with higher electrostatic potential;
on the other hand, the slowing of the axial velocity decreases their
longitudinal kinetic energy. The loss in both the kinetic and the

potential energy compensates the gain occurring in the transverse waves.

As the electrons are gradually slowed down, they will gradually
drift out of the synchronous position for optimum transverse-wave growth.
Once the electrons are completely out of step, further growth is im-
possible. Therefore, the transverse-wave gain will reach saturation when
52z’ = 1/2 (w+g), where w is the width of the helix wire and g is
the gap between successive helices. This saturation in gain should be
compared with another gain saturation set up by the electrons intercept-
ing the finite-diameter helix structure. The lower saturation value will

be the actual gain saturation level of the tube.

4. Conditions Required for Amplification due to dc Pumping

As shown in the complete wave analysis as well as in the ballistic
analysis, active coupling between the fast and the slow cyclotron waves
will be obtained if the wave number of the helix defined as ﬁq = 2n/p

is equal to the cyclotron-wave number in the beam, 1i.e.:

Bq = Be (2.73)

This condition can be interpreted in various ways. One point is that
the pitch of the helix should be designed to be equal to the cyclotron
wavelength at the dc¢ beam velocity:

u
= = —o— |7
P = A, 7, (2.74)

where p 1is the pitch of the helix, f is the cyclotron frequency of

[

the beam, and u_ 1is the dc axial velocity of the beam. This amplifying

o
condition is plotted in Fig. 19 where the pitch of the helix is shown
as a function of the cyclotron frequency uzing the slowing factor u,/c

as a parameter. These curves can be used as design curves for an
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FIG. 19. THE AMPLIFYING CONDITION FOR THE CYCLOTRON-WAVE
AMPLIFICATION,

experimental tube. From these curves, one finds that the pitch is de-
creasing as the cyclotron frequency is increasing. Therefore, the
smallest realizable pitch of a quadrifilar helix actually puts an upper
limit on the operating frequency of this type of amplification. It is
seen from the curves of Fig. 19 that a tube using this type of ampli-
fication can be designed to operate in the millimeter range if the

electrons are accelerated to near relativistic velocities.

For an operating tube, the pitch of the helix is fixed and cannot
be changed easily. However the accelarating voltage of the electrons
can be tuned to maintain the amplifying condition while the dc¢ axial
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magnetic field is adjusted for various cyclotron frequencies. Their
relation is found to be:

2
v. = m° p2 (2.75)

where V. is the dc beam accelerating voltage
B is the dc axial magnetic field
p is the pitch of the helix

7 is the charge-to-mass ratio of electron.

Figure 20 shows this tuning characteristic between the accelerating
voltage and the magnetic field using the pitch of the helix as a
parameter. An operating tube can be tuned along a curve in this figure

with specified pitch of the quadrifilar helix.

For design purposes, a nomograph as shown in Fig. 21 has been
drawn to relate the cyclotron frequency, the dc beam velocity, the axial
magnetic field, the accelerating voltage of the beam, and the pitch of
the helix. Any straight line crossing these nomographs specifies the
amplifying conditions for those parameters. For example, if one wants
to design a cyclotron-wave amplifier by dc pumping with a quadrifilar
helix having pitch equal to 1 cm immersed in an axial magnetic field of
500 gauss, then one should use an accelerating voltage V_, = 590 v

a

determined by the line intersecting with the V, nomograph line. Those
lines can be called the lines of active pumping on cyclotron waves, One
can also use this nomograph for tuning purposes in an operating tube by

drawing appropriate lines through the fixed pitch value.
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FIG, 20. THE TUNING CURVES OF THE ACCELERATING VOLTAGE AND THE
MAGNETIC FIELD FOR ACTIVE DC PUMPING ON CYCLOTRON WAVES USING

HELIX PITCH AS A PARAMETER.
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FIG. 21. NOMOGRAPH OF ACTIVE PUMPING CONDITIONS ON
CYCLOTRON WAVES GIVING THE RELATIONS BETWEEN
CYCLOTRON FREQUENCY, DC BEAM VELOCITY, AXIAL MAGNETIC
FIELD, ACCELERATING VOLTAGE OF THE BEAM, AND PITCH
OF THE QUADRIFILAR HELIX.

B. RF COUPLING IN THE QUADRIFILAR HELIX

In the dc-pumped amplifier, a quadrifilar helix is found to be useful
to provide the properly twisted dc field. At the same time the helix has
been used as a slow wave circuit in traveling-wave tubes for many years.
The characteristics of a helix can be used equally well in transverse-
wave tubes to achieve proper coupling with beam waves. Since the.e are
four parallel-wound helices in a quadrifilar helix, there must be four
independent circuit modes. By proper design of the helix, one can
achieve coupling between these circuit waves and beam waves. In the

following sections, this coupling will be examined in detail.

1. Normal Modes of the Quadrifilar Helix

Waves propagating along a helical structure have been studied by
many workers [Refs. 28 to 36]. Here, only the case of the quadrifilar
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helix will be discussed.

in the quadrifilar helix, one can logically conclude that there are four

Since there are four equally apaced helices

and only four independent modes, which are distinguished by the relative

phase of the excitation voltage on each helix at the input tranaverse

plane.

1. In Fig. 22(a) the zero mode is excited by a source driving the four

helices with same amplitude and same phase.

This mode can be called

the symmetric mode since its field is not only symmetric with re-
spect to the origin but also symmetric with respect to the x- and

y-axis in the irnput transverse plane.

2. In Fig. 22(b) the -2 mode is excited by a source driving the four

helices with the same amplitude but 180 deg out of phase on adjacent

helices.

with respect to tlie x- and y-axis in the input plane.

This mode can be called the semisymmetric mode since its
field is only symmetric with respect to the origin but not symmetric

3. In Fig. 22(c) the -1 mode is excited by a source driving the four

helices with the same amplitude but with
succeeding helices along the f-direction.
called the right-hand antisymmetric mode
hand polarized and is not symmetric with

origin or the x- and y-axis in the input plane.

90-deg phase lagging on
This mode can also be

since its field is right-

respect to either the

4. In Fig. 22(d) the +1 mode is excited by a source driving the four

helices with the same amplitude but with 90-deg phase leading on
successive helices along the §-direction.
this mode can then be called the left-hand antisymmetric mode.
The index number of these modes indicates the number of field
variations around the circumference.

The propagation characteristics of the modes of a helix are well

The

understood.

«-B

By similar reasoning

characteristics of the fundamental waves of each

independently excitable mode for a quadrifilar helix are shown in Fig.

23. Their wave numbers are shown in Table 2.

TABLE 2. CIRCUIT WAVES ON A QUADRIFILAR HELIX

Symbol Mode Wave Number® AC Energy Polarization
Ay Semisymmetric B, - 2ﬂq + Elliptical
Ay Right-hand B - B + Right-hand
- Antisymmetric ° 1
A, Symmetric B, + Circular

Left-hand

A B+ 8 + Left-hand
*1 Antisymmetric ° 1

. w 2 . ‘

= « £2 = pitch angle, = pitch
B e ain ¢ Bq P gle, p
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FIG., 23. THE CHARACTERISTICS OF THE FUNDAMENTAL WAVES OF THE
FOUR INDEPENDENT EXCITABLE MODES ON A QUADRIFILAR HELIX.

Each mode actually contains an infinite number of spatial

harmonics. These are:

@©
Am = z: Amn eJﬁmnz; m=-2, -1, 0, +1

nNE-o

where m is the mode number; n 1is the order of the spatial harmonic;
Apn is the amplitude of the nthoorder space harmonics in the m mode;

th

and ﬁmn is the phase constant of the n“"-order harmonic in the m mode,

given by
Bon = Bo *+ (4n +m) Sy

The amplitude of each space harmonic is more or less inversely proportional
to the square of its own phase constant, so that high-order harmonics are
small in comparison to their fundamental harmonics and can be neglected

in most cases. Figure 23 shows the fundamental space harmonics of each
mode only.

2. Normal Modes of the Transverse Beam Waves Carried by the Confined
Electron Beam

As stated in Sec. A-l, an electron beam confined in a longitudinal

dc magnetic field will carry four transverse waves. These waves are:
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1. The fast cyclotron wave carrying positive energy and having right-
hand polarization.

2. The slow cyclotron wave carrying negative energy and having léft-
hand. polarization.

3. The first synchronous wave carrying positive energy and having
left-hand polarization.

4. The second synchronous wave carrying negative energy and having
right-hand polarization.

The characteristics of these transverse beam waves are shown in Fig. 24.

>
',Bc Y ﬁc ﬁ

FIG. 24. THE CHARACTERISTICS OF THE TRANSVERSE
WAVES CARRIED BY AN ELECTRON BEAM CONFINED IN A
LONGITUDINAL DC MAGNETIC FIELD.

From this figure one can see that the fast cyclotron wave has a phase
velocity faster than the dc beam velocity, the slow cyclotron wave has
a phase velocity slower than the dc beam velocity, and both synchronous
waves have phase velocities exactly the same as the dc¢ beam velocity.
However, all four transverse waves have the same group velocity equal

to the dc beam velocity. Their various characteristics are summarized

in Table 1.

These four normal modes of the transverse modulation can be more
clearly interpreted physically in terms of the guiding center position
and the cyclotron radius of the beam as shown in Fig. 25. From this

figure one can readily notice that the radius vector T of the beam is
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FIG. 25. ELECTRON-BEAM MOTION IN A DC MAGNETIC
FIELD DIRECTED PERPENDICULARLY INTO THE PAPER.

the sum of the guiding center vector ?8 and the cyclotron radius vector

F; of the beam.

T =Tyt T, (2.76)

From this one can prove that the polarized components also have the same

relation,

ry =r, +r (2.77)
(2.78)
Where the (+) and (-) subscripts represent the left-hand and right-hand
polarized components of the proper vector as defined by Eq. (2.9), It

can be shown from Eq. (2.1) that the following linear relation between

the wave amplitudes and the pﬁlarized radius components holds:
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As Te,
= ka, (2.79)
A “Tg,
-A2_. L 8-

It follows that the amplitudes of the cyclotron waves are determined by
the radius of cyclotron rotational motion and are independent of the
radius of the guiding center with respect to the origin of the chosen
coordinates; and that the amplitudes of the synchronous waves are de-

termined by the guiding center radius only.

3. Conditions Ilequired for Coupling Between the Circuit Waves and
the Beam Waves

A quadrifilar helix has four circuit wave modes as shown in Fig.
23, and a confined electron beam has four transverse waves as\shown in
Fig. 24. Carefully examining these two figures, one would notice that
with the helix designed such that ka =1 occurs at the cyclotron
frequency and with the velocity of the fundamental circuit mode equal
to the beam dc velocity, the -1 circuit mode should coincide with the
fast cyclotron beam mode if one puts both «-5 diagrams of the beam and
circuit together. There is then strong coupling between the fast cyclotron
wave in the beam and the -1 mode wave in the helix circuit over essentially
the entire range of ka = 0.5 to ka = 1.5 at fixed beam voltage. There
is also a substantially weaker coupling between the slow cyclotron wave
in the beam and the +1 mode circuit wave in the helix. The latter
coupling is of secondary interest, in part because of its lower inter-
action impedance and in part because it is intended that only the -1 mode

should be initially excited on the helix.

In order that ka = 1 occurs at the cyclotron frequency, it is
required that the radius a of the helix be related to the magnetic
field according to the following equation:

a = #% (2.80)
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where ¢ is the velocity of light, D 1is the magnetic field, 7 is the
charge-to-mass ratio of electron, and a 1is the radius of the helix.
The requirement that the velocity of the fundamental circuit mode équal
the dc beam velocity is:

== (2.81)
By °
At the cyclotron frequency, Eq. (2.81), subject to the condition of

Eq. (2.80), leads to:

£ sy or b =\ (2.82)

where ﬁq = 27/p and p 1is the pitch of the helix.

One notices that Egq. (2.82) is exactly the same as the condition
for active dc pumping on the cyclotron waves studied in Sec. A-4., There-
fore tlie achievement of wideband rf coupling between the fast cyclotron
beam wave and the -1 mode circuit wave automatically satisfies the con-
dition for active dc pumping on both fast and slow cyclotron beam waves.
In other words, if the active dc pumping condition has been achieved,
then Eq. (2.80) is the only condition left for wideband rf coupling.
Figures 26 and 27 are plots of this condition showing the radius a of
the quadrifilar helix as a function of magnetic field and a function of

cyclotron frequency, respectively.

Provided these conditions are satisfied, cyclotron-wave amplifi-
cation with simultaneous rf coupling and dc pumping is possible. The
w-£ diagram showing this kind of operation is plotted in Fig. 28, The
analysis of this operation involving both fast and slow cyclotron waves

and the -1 circuit wave will be presented in the next chapter.
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F1G. 28. THE OPERATION OF THE CYCLOTRON-WAVE
AMPLIFICATION USING SIMULTANEOUS RF COUPLING
AND DC PUMPING.

4. Mode Excitation of the Circuit Waves on the Quadrifilar Helix

Since there are four independent and equally spaced helices
constituting the quadrifilar helix, there are four orthogonal modes or
waves on the helix. These modes are independently excitable and are
distinguished by the relative phase of the voltages applied on the dif-
ferent helices at any given cross section, as shown in Fig. 22. If the
voltage excitation at the input plane is different from those shown in
Fig. 22, then more than one mode of the circuit wave will be excited.

Let A,, Ay}, Aly, A 9 represent voltages for the four orthogonal modes
of excitation, and let V;, Vg, V3, V4 be the voltages on the four dif-
ferent helices at any cross section. All the A's and V's are complex
quantities containing voltage amplitudes and phase angles. The relations

between the V's and A's can be expressed mathematically as follows:

V1=A°+A+1+A_1+A_2 ~N
Vo = Ay * Ay - JA - A
> (2.83)
V3 x Ag - Ay - At A
Va = Ay - JAy t A - Al
J
If written in matrix form, these become:
V=PA (2.84)
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~
wvhere P is an orthogonal matrix:

[1 1 1 1]

~ 1§ -j -1
p= (2.85)

and
[ Vl-1 [ Ao ]
~ \b ~ Ayl
V= A= (2.86)
V3 ALl
| Vs | | A2

The inverse of P is found to be:

-
11 o1 1|
~ 1 -5 -1
el .l J J (2.87)
5 -1 -
1 -1 1 -1
So, from A = p-1 V, one obtains:
Ao = % (V] + Vg + V3 + V)
Ay =L (V) - jVy - Vo + 5V
0ty o iVy - V3t Ve (2.88)
Ay =Ly +ivyavg vy
A_z '% (Vl - V2 + V3 - V4)

From the above equations one can evaluate the magnitude of various
modes if the amplitudes and phases of voltages on different helices at a
cross section are known. One can then find ways of improving the impedance
matching from the source of excitation so that only the desired single mode
will exist on the quadrifilar helix. From a practical viewpoint, this is
one of the major technological problems in using a quadrifilar helix. One
approach to this problem is discussed in a later chapter.
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ITI. THEORY OF THE AMPLIFIER USING SIMULTANEOUS PUMPING AND COUPLING

As was pointed out in the previous chapter, we notice that both the
fast and the slow cyclotron waves will be actively pumped by a properly
twisted dc field. A quadrifilar helix can be designed not only to pro-
vide the active pumping with a properly twisted dc field, but also to
insure that the -1 mode circuit wave will simultaneously be passively
coupLedlwith the fast cyclotron beam wave. There is actually another
weaker coupling between the circuit +1 mode and the slow cyclotron beam
wave, [lowever this coupling will be neglected in the quadrifilar helix
due to its relatively small transverse impedance. Longitudinal inter-
action is also neglected because this can be suppressed by suitable design
of the circuit. In this chapter, we assume that these conditions have
been fulfilled. Coupled-mode theory [Refs. 37-40] will be used to
evaluate the various characteristics of this type of amplifier. 1In
Sec. A, tlie complete solution of the coupled-mode equations with specified
input wave amplitudes are obtained. Physical insight and interpretation
of the operation of the tube is presented in Sec. B. The characteristics
of gain and bandwidth are studied in Sec. C. Noise performance is studied
in Sec. D.

In the case where the coupling between the +l1 mode circuit wave and
the slow cyclotron beam wave is not negligible, then four waves--two in
the beam and two in the circuit--will be involved. The coupled-mode
equations and their solutions for the four-wave case are presented in

Appendix B.
A. COUPLED-MODE THEORY

The simultaneous active pumping on the cyclotron waves and the passive

coupling between the circuit and beam waves lead to the following coupled-

mode equations:

— = jk_ Ag (3.1)

—é— = Jk- A- + kp As (3-2)
z

_(Té = kp Ag (3.3)
z

where all the A's are the magnitudes of the waves. The coupling

coefficient and the pumping factor are:
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where K, is the transverse impedance of the -1 mode circuit wave,

B. is the wave number of the -1 mode circuit wave, I is the dc beam

o
current, V. is the dc beam voltage, and all other symbols are defined
as before. lere we assume that only the forward -1 mode circuit wave

is excited and coupled to the beam wave; and kp is assumed to be small

compared with ﬁc.

The amplitudes of all the waves are constant along z 1if the coupling
coefficient and the pumping factor are both zero--that is, the waves are
uncoupled. They maintain their original amplitudes as they travel in the
z-direction. The amplitudes will vary as functions of z 1f there is
coupling between them and/or pumping upon them. We can assume that they

vary in the z-direction as the exponential form:

A = C eV2

where the C's and v’'s are constants. Then we obtain from Eqs. (3.1),

(3.2), and (3.3)

vC_ - jk_ Cg+0=0
-jk_C_ +vCg - kp Cg =0 (3.6)
0 - kp Cg +vC =0

We have changed the original simultaneous differential equations to
simultaneous homogeneous algebraic equations. In order for the C's to
have nontrivial solutions, it is necessary and sufficient that the de-

terminant formed by the coefficients be zero.

v -jk. 0
-jk. v -kp = 0 : (3.7)
0 -kp v
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The eigenvalues of v are found to be:

ve=20

vg = vV k212 (3.8)
vy = -V kg- k?

For k;, > k_, the v's are all real numbers. Let

a-/kg-k? (3.9)

Then the amplitudes of the waves will have the form:

T

A_=C_j +C_q e%Z + C.3 et

Ag = Cgp + Cgop €% + Cg3 e™%2 > (3.10)

az -az
Ag = Cg) + Cgp e™® + Cp e J
That is, each wave contains three components; one remains constant, one
is exponentially growing, and one is exponentially decaying as the waves
travel down the z-direction.
Only three independent constants are determined by the input con-
ditions. The relations between the nine constants in Eq. (3.10) can be

obtained from the original coupled-mode equations as:

ik,
Cfl = 0 Csl z - 1:— C-l 7
P
Co » =2 C d Co =R (3.11)
£f2 jk -2 an s2 jk -2 ’
cf3 = . 2 C 3 C.3 = Jﬂl C 3
ik T 57 gk, J

Applying the input conditions and using C_y, C 9, C_ 3. as the three

independent constants, then at 2z = O:
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A_(O) = C_l + C_2 + C_3

Ag(0) =0 + 2. C, . & C

f ko2 g o3 (3.12)
jk. k k

A(0) = o= + P ¢ T

S kp -1 Jk_ -2 jk_ C-3

where the A(0)'s are the wave amplitudes at the input plane. These

results can also be written in matrix form:

r — ~ a—
A.(0) [ T N
Ag(0 = 0 =2 -2 ||cC 3.13
£(0) e - Cy (3.13)
Ag(0) BELEL L i
ky Gk 3k -

From this we can easily find the inverse as

. 2 :
c,1 [ % o - 3527 4 (0)]
0.2 G.2
k2 ik ik_k
Co | =|-—= 1= Leitano (3.14)
2a2 2a 2a2
K2 ik,  jk.k
C.5 L LN s ) A,(0)
L) L2 T Eee a2 v

This equation combined with Eq. (3.11) gives all the nine constants in

Eq. (3.10) in terms of the wave amplitudes at tle input plane.

Substituting these constants into Eq. (3.10) we obtain the complete
solution of the coupled-mode equations with given input amplitudes of

the three waves:

A(2) B.,- B f B, A_(0)
Af(z) = gf._ gf'f gf.s Af(()) (3.15)
Aslz) B8s,- 8s,f Bs,s Ay(0)
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where the elements 8i,j 8ive the output in wave i due to the input
in wave j. In other words, the gain between the i and j waves at
input and output is

k2 k2 3
g. . = £ . = cosh az
! a2 a2
jk.

g..f " - sinh az = gf, .
ik k
g.,s = i:i;; (cosh oz - 1) = g _ >
(3.16)

gf,f * cosh az

K2 k2
8s,s * -2 cosh az - —é
a a

k
8s,f * :f sinh az = Bf,s

J

It is worth mentioning that all the gain factors are functions of

tube length L, coupling coefficient k_, and pump coefficient kp.

From these solutions, we can evaluate the gain and bandwidth character-
istics, and also gain some physical insight into this type of amplifi-
cation. Design parameters can be established for various applications

such as attenuator, coupler, or amplifier. Noise performance can also

" be predicted. These characteristics are discussed in more detail in the

following sections.

B. PHYSICAL INTERPRETATION OF THE OPERATION

Consider the beam as originally quiescent, i.e., with no transverse
modulation on the beam so that both the fast cyclotron wave and the slow
cyclotron wave are unexcited at the input terminal of the tube. This
corresponds to Ag(0) = A (0) = 0. The -1 mode circuit wave is the only
one excited at the input, Then from the complete solution for the coupled-

mode equations as shown in the previous section, one obtains:
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2
A_(z) = (E% - E; cosh az) A_(0)
a a

Ag(z) = J_;_ sinh az A_(0) (3.17)

jk_k
Ag(z) = ikiin (cosh az - 1) A_(0)
a

This set of equations gives the amplitudes of the various waves along
the electron beam when only the -1 mode circuit wave is excited at the

input or when the amplitude of both cyclotron waves is small compared
with A_(0),

Figure 29 shows the amplitude of various waves as a function of z.
It clearly shows that the output of the circuit wave has an amplitude
much larger than the input amplitude if the tube length L is more than
twice the critical length 4 as shown in Fig. 29. The critical length,
defined as the length required to couple all the signal into the beam,

is a function of pump coefficient and coupling coefficient:

2 2 ry
'{-lcosh'l(kﬂ) =—L-—1og[52(1+ /1-1‘;>] (3.18)
a k. S 1212 k2 ki

2
kp-k

It is convenient to introduce a new quantity 7, defined as the ratio

of the coupling coefficient to the pump coefficient

(3.19)

-3
[}
==

p

Substituting the expression for k_ and kp in Eqs. (3.4) and (3.5),
one finds that 7 is actually a frequency parameter if the beam current
and pump voltage are fixed in an operating tube. One also finds that

1/7 is actually a pump parameter if the operating frequency and beam
current are fixed in an operating tube. The parameter 7 can be written

explicitly for a helix with center conductor as

T e /‘I:g j:% sinc( '5'21') (3.20)
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FIG. 29. THE AMPLITUDE OF VARIOUS WAVES GROWING ALONG THE
1-DIRECTION IN THE QUADRIFILAR HELIX WHEN BOTH THE RF COUPLING
AND DC PUMPING ARE APPLIED SIMULTANEOUSLY. (For ki = 2.00 in."2,
k. = 1.20 in." D)
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where [ is a fixed parameter determined only by the form and dimensions
of the helix. Its numerical value is of the order of 103 to 104 v//:;;
for a helix with center conductor. The dc beam current can be changed

if a gun of variable perveance is used, i.e., if an additional anode or

grid is used to control the beam current independent of the beam velocity.

The parameter 7 will be used to plot universal curves for this
type of tube. The universal curves for the critical length are plotted
in Fig. 30 as kp{ vs 7, to show the dependence on frequency with fixed
pump voltage and in Fig. 31 as k_{€ vs 1/7 to show the dependence on
pump voltage for a fixed frequency. From these two universal curves,
one notices that the critical length decreases as either the frequency

or the pump voltage 1s increased.

Figure 29 also shows that the output of an amplified circuit wave is
180 deg out of phase with respect to the input circuit wave. Therefore
this type of tube can be used as a 180-deg phase shifter when such

application 1s necessary.

The quadrifilar helix structure with proper pump voltage could be
used as an input or output coupler in a conventional parametric beam-type
amplifier, but this will excite both the fast and the slow cyclotron
waves. As a consequence, the noise-stripping characteristic of the
Cuccia-type coupler cannot be achieved, so it is impractical for low-

noise operation.

There is another characteristic length 4', for which the circuit
wave has the same amplitude as its input but completely out of phase,
and both the fast and slow cyclotron waves in the beam are equally ex-
cited. The section of the helix up to z = £' acts as a passive section,
as viewed by the circuit wave, and the helix beyond 1z = 4’ acts as an
active section. Therefore, for gain purposes a helix must be much longer
than 4'.

If we consider a semi-infinite quadrifilar helix with both the
coupling condition and the pump condition satisfied, the circuit wave
will have a sinusoidal interchange of energy with the fast cyclotron
beam wave if the pump field is not applied. Figure 32 is a plot of the
circuit wave as a function of k_z using the pumping coefficient kp
as a parameter. These curves show the pumping effect on the circuit
wave for fixed coupling strength (i.e., fixed beam current, etc.). Two

interesting features should be pointed out:
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FIG. 30. UNIVERSAL CURVE FOR THE DE PENDENCE ON
FREQUENCY OF THE CRITICAL LENGTH.
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FIG. 31. UNIVERSAL CURVE FOR THE DEPENDENCE ON
PUMP VOLTAGE OF THE CRITICAL LENGTH.
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Along vertical line the gain as function of pumping
strength for tube with finite length can be found.
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FIG. 32. THE PUMPING EFFECT ON THE CIRCUIT WAVE CARRIED BY AN
INFINITELY LONG HELIX ORIGINALLY COUPLED WITH THE FAST
CYCLOTRON BEAM WAVE.
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1. When the pump amplitude is gradually increased, the first null of
the circuit wave gradually moves closer to the input end, while all
the rest of the nulls move away rapidly from the input end, reaching
infinity as the pumping coefficient becomes equal to the fixed
coupling coefficient.

2. Gain in the circuit wave is possible even if the circuit wave still
varies sinusoidally along the helix when the pumping coefficient is
smaller than the coupling coefficient.

If the helix has a finite length which is smaller than the first null
of the circuit wave without pumping, that is the normalized length
k_z < 7/2, then the output of the circuit wave will first decrease to
zero and then grow rapidly with a 180-deg phase shift, as the pump
voltage is increased. This variation can be viewed on a vertical line
k_z = const in Fig. 32. For those helices with lengths between the
first and second nulls of the circuit wave without pump, or
/2 < k_z < 37/2, the circuit output is originally out of phase with re-
spect to the input. There is one null inside the helix such that the
whole circuit input is coupled into the beam at that point. The circuit
wave will continually grow as the pump amplitude increases. For those
helices with lengths between the second and third nulls of the circuit
wave without pump, the circuit output will see only one null as the pump
amplitude is increased; this is because the pumping pushes the second
null outside of the helix, as mentioned before. Therefore, it is obvious
that the circuit output will have N-1 nulls when the pump is turned
up, if there are originally N nulls inside the helix circuit. Steady
growth of the circuit wave with increased pumping strength will result
only after these N-1 nulls are pushed outside the helix. However,
if there is originally no null at all inside the helix with finite length,
the pumping will then first push one null (i.e., the first null) into the
helix so that the full circuit signal will be completely coupled into

the beam before active pumping results.

The circuit outputs as functions of the pumping coefficient for a
helix with finite length are shown in Fig. 33 using k_z as a parameter.
This clearly shows the number of nulls in the circuit output depending on
the coupling strength and the helix length just as in the above interpre-
tation. The number of nulls is plotted in Fig. 34.
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FIG. 34. THE NUMBER OF NULLS IN THE CIRCUIT OUTPUT AS A FUNCTION
OF THE COUPLING COEFFICIENT AND THE CIRCUIT LENGTH.

Figure 35 is a plot of the circuit wave amplitude along the helix
with the coupling coefficient k_ as a parameter. These curves show
the coupling effect on the circuit wave for fixed pump strength. Start-
ing with the coupling coefficient k_ equal to zero, the circuit wave
is constant along the helix, assuming no loss. For the coupling coef-
ficient less than the pumping coefficient, k_ < kp the circuit wave will
gradually be coupled into the beam until a null is reached, after which
it grows exponentially with opposite phase along the helix. For values
of the coupling coefficient equal to or larger than the pumping coef-
ficient, the circuit wave amplitude will vary sinusoidally with possible

gain in the opposite phase.

For helices with finite length, the coupling effect can be viewed by
following a vertical line with constant ka corresponding to a given
pumping strength. The outputs have essentially similar variation for
various pumping strengths, that is, the circuit wave output gradually
decreases until a null is reached, then grows rapidly to a maximum which

is a function of ka and always larger than one. After that, it will

SEL-62-151 - 64 -

s e 2 NNl




s WITISARIIACY

=
=
2
>

S
—

1

Qo
T
\

.1

-4

04
o.l
o6
(o]}

k.10
P \

-tot

FIG. 35. THE COUPLING EFFECT ON THE CIRCUIT WAVE CARRIED
BY AN INFINITELY LONG HELIX WITH THE PUMPING COEFFICIENT
AS A PARAMETER.
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drop again in periodic fashion as the coupling coefficient is further
increased. This variation of the circuit wave output of a finite helix
as a function of the coupling coefficient is shown in Fig. 36, with the
pump coefficient as a parameter. Both the pumping and the coupling

coefficients are normalized by the length L of the helix.

The power carried by a wave A; is AiA; and the sign of the power
is determined by its parity matrix element p;;. The total power carried

by the three waves is then:

P=p__ AA +psp AjA; + pog AGAL (3.21)

and the paraity matrix elements are:

p_.. = +l, since the circuit wave carries positive power
Pgs = tl, since the fast cyclotron wave carries positive power

Pgs = -1, since the slow cyclotron wave carries negative power

Substituting the set of Eqs. (3.17) into Eq. (3.21) one then obtains:

P(z) = A_(2) Al(2) + Ag(z) Ag(z) - A (z) AL(2)
= A_(0) AZ(0) = constant (3.22)

Equation (3.22) shows that the total power carried by the three waves

is an invariant along the z-direction, though the power carried by each
wave does vary along the z-direction. From this result one can be sure
that the twisted dc field does not supply energy to the associated waves
but merely acts as a coupling mechanism to provide a path for the energy
flowing from the slow cyclotron wave to the fast cyclotron wave. Since
the circuit wave is coupled passively with the fast wave due to the
synchronism in phase velocity, the energy is then flowing from the fast
cyclotron wave to the circuit wave. It is this path of energy flow that

makes the circuit wave grow along z.

Actually the energy can flow in both directions, from circuit to
beam and from beam to circuit. From Fig. 29 one can notice for z
smaller than the critical length that the flow of energy is dominant in
the direction from circuit to beam; and for 2z larger than the critical
length £, the flow of energy is dominant in the direction from beam to
circuit. Figure 37 shows that the power carried by each wave is a
function of 2z, and also that the total power carried by the three waves

is an invariant along z.
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FIG. 36. THE CIRCUIT OUTPUTS OF A HELIX WITH FINITE LENGTH
AS FUNCTIONS OF THE COUPLING COEFFICIENT WITH THE PUMPING
COEFFICIENT AS THE PARAMETER.
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FIG. 37. THE POWER CARRIED BY VARIOUS WAVES ALONG THE
1-DIRECTION IN THE QUADRIFILAR HELIX WHEN BOTH THE
RF COUPLING AND THE DC PUMPING ARE APPLIED SINULTANEOUSLY.
(For k,=2.00 in."!, k =1.2 in."])
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C. GAIN AND BANDWIDTH OF THE AMPLIFIER

The power gain of an amplifier is defined as the output signal power
divided by the input signal power. In the quadrifilar helix tube the
power gain can readily be obtained from the solutions of the coupled-
mode equations [shown in Eq. (3.15)]:

Gp = 2. = —L—1 - 72 cosh kL V(1.7 ] (3.23)
(1-12)2

where L is the total length of the helix and 7T is the ratio of the
coupling coefficients as defined in Eq. (3.19). The power gain is plotted
as a function of 7 in Figs. 38 and 39 for various pump levels using

Gpo as a pump parameter, where Gpo is the power gain of the fast
cyclotron wave which would result if the coupling between the circuit

wave and the beam waves were removed by some means, so that only the dc
pumping action of the quadrifilar helix existed. The curves clearly

show that the best operation of the tube is obtained with the pumping
coefficient asbout twice the coupling coefficient.

The gquantity Gpo is entirely a pump parameter, involving only the
pump voltage, the tube length, and the dimensions and shapes of the pump
structure. Therefore, for design purposes it is a true measure of the
pump strength; for a given tube it is an indication of the pump voltage.
This pump-level parameter can be expressed mathematically as:

Gpo = cosh? kL (3.24)

which is not a function of frequency, since it does not involve the only
frequency-dependent factor, namely, the interaction impedance K_).

Figure 40 is a plot of the universal pump parameter Gpo as a
function of ka. For a tube with known helix dimensions one can readily
obtain a curve of Gpo vs pump voltage Vp from Fig. 40. The curves
of gain va 7 as shown in Figs. 38 and 39 can be transformed to curves
using the pump voltage as the parameter. As stated in Sec. B, 7 1is
actually a frequency parameter for fixed pump levels; therefore, the
curves of gain va 7 as shown in Figs. 38 and 39 can be readily trans-
formed to curves of gain vs frequency for a tube with specified beam
current and dimensions of the pump structure. From these data one can

then obtain the bandwidth characteristic of the tube.
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For a solid beam at the center of a helix, the frequency dependence

is:
2 2y fo ka - 1
T .(30 c_)_. (3.25)
n V% tan2'¢ If (ka cot )

where I, = dc beam current

V = dc pumping voltage

4 = the pitch angle of the helix

a = the radius of the helix

k = free-space wave number

Ij(ka cos )
c

n

SEL-62-151

-j J1(jka cot ) = Bessel function
velocity of light

charge-to-mass ratio of electron
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A plot of T as & function of ka or «/w, for I, = 10 ma is shown
in Fig. 41 using Vp as a parameter. From the plot of power gain va 7
as shown in Fig. 38, one notices that 15 to 18 db of power gain would be
obtained for values of 7 between 7 = 0.57 and 7 = 1.17 for a par-
ticular pumping strength Gpo = 30 db. The frequency bandwidth corre-
sponding to the width of 7 = 0.57 to 7 = 1.17 is marked in the 7

vs frequency curves as shown in Fig. 41. From these curves it is found
that the bandwidth of the quadrifilar dc-pumped traveling-wave tube with
10-ma solid electron beam and 3000-Mc cyclotron field would be about

200 Mc at a center frequency of 1400 Mc for 100-v dc pumping, and about
150 Mc bandwidth at a center frequency of 1000 Mc for 1000-v dc pumping.

1.25 |
17

0.75T

0.57
0.50

0.25 4

o b 4 -

0.2 0.3 0.8 0.5 0.6

FIG. 41. THE FREQUENCY PARAMETER AS A FUNCTION OF ka FOR
I_= 10 ma AND cot % = 12.
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These bandwidths obtained by using a solid beam are satisfactory
but not outstanding. Trial designs at higher frequencies indicate that
larger bandwidths should be possible. However, the use of a hollow
rather than a solid beam is found to result in much larger bandwidths
and to yield various other advantages as well.

If one uses a concentric hollow beam with a center rod inside the
beam, one finds that the frequency parameter is of the form:

vl B.w
- [ @ . -1
T=9Q Wﬂ: ’;: alnc( 3 ) (3.20)

as shown in Sec. B. In deriving this equation, the following approximate
expression for the transverse impedance of a helix with center conductor
is substituted into the expression of k_,

K, ':30 4w sincz(ég:)

3.26
n O TAT (a-b) In+kal (3.26)

which is obtained as shown in Appendix C, where

Bn * (n +ka)

k = w/e

a = radius of the helix

b = radius of the center conductor

p = pitch of the helix

w = width of the tape that forms the helix
n = mode number of the circuit wave

sinc X ® sin X/X

The factor @ is a parameter determined by the dimensions of the helix

only and is:

.1 |60 23 _w__sinh 2B, (a-b) (3.27)
¢ Ajv 7 7 a-b sinh 28, (r,-b) (DLF) tan 4

where A} is the amplitude factor of the fundamental mode and is close
to unity, and DLF is the dielectric loading factor. All other symbols
are as defined before. Thus ¢ can be called a helix parameter, and

is found to be of the order 103 to 104 in volts/Vamp for suitable designs.
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Figures 42, 43, and 44 show 7T as & function of ka or a#wc for
different beam currents and pump levels with ¢ = 1.8x 103 v/V:;;, using
the approximation sinc (5 jw/2) S 1. From these figures one finds that
the bandwidth is attractively wide and increases as the pump level in-
creases. DBut, the 3-db range of 7 1is found to decrease in Figs. 38
and 39 as the pump level increases. The exact bandwidth dependence on
the pump level is not fully explored here.

llz
Ill p

1.0p
0.9}
0.8 >
0.7+ /&
0.6 .
S 0.5
0.4

0.3
0.2

0.1

1o=0.1 AWP

0 0.2 c.4 0.6 0.8 1.0 1.2 1.4
ka-mkh

F1G. 42. THE FREQUENCY PARAMETER OF THE QUADRITILAR

HELIX WITH CENTER CONDUCTOR FOR I = 0.10 amp.

In order to examine in detail the bandwidth characteristics as a
function of pump level, one should first notice that the value of T
at which the gain is maximum for various pump levels decreases as the
pump level is increased as shown in Fig. 45. The 3-db range of 7 is
also decreasing when the pump level increases. Combining these facts with
the curves of 7 vs w/a:c in Figs. 42, 43, and 44, one then obtains
the characteristic bandwidth curve shown in Fig. 46, where the bandwidth
is expressed as the ratio of upper 3-db cutoff frequency to lower 3-db
cutoff frequency. The actual bandwidth can be easily obtained as soon
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FIG. 44, THE FREQUENCY PARAMETER T OF THE QUADRIFILAR
HELIX WITH CENTER CONDUCTOR FOR I =0.03 AMP.
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- CONDUCTOR AS A SIMULTANEOUS COUPLING AND
PUMPING STRUCTURE.
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as the center frequency is chosen. The center frequency cean be tuned
by the d¢c beam current as shown later. Figure 46 shows almost no band-
width variation with pump level. An almost constant 4 to 1 bandwidth
over a 50-db pump range is shown. This result is very encouraging since
there are few devices that exhibit such wide bandwidth.

The tuning characteristic of the quadrifilar helix tube for hollow-
beam operation can be clearly seen from Eq. (3.20) for the frequency
parameter 7. One can center the gain at any specified frequency by
tuning the beam current in accordance with the pump level. As shown in
Fig. 47, we have tuned the current such that the maximum gain occurs at
ka = 0.8 for three different pump levels. Since the tuning current is
found to be quite insensitive to the pump level, and since the bandwidth
is so wide (as shown in Fig. 47) the actual gain in decibels is still
approximately linear with pump level in decibels for a fixed beam current.

Another characteristic of this type amplifier is that the gain band-
width product is not a constant as in many other types of amplifiers.
The bandwidth is almost independent of gain, and remains essentially the
same as the gain or the pump level is increased, as shown in Figs. 46
and 47. This result comes about because the pump coefficient which
controls the gain is independent of frequency, and the bandwidth ia
chiefly determined by the coupling coefficient k_ alone.
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D. NOISE PERFORMANCE

This type of amplification is associated with three waves, namely,
the -1 mode circuit wave, the fast cyclotron wave, and the slow cyclotron
wave. If no noise-stripping mechanism is applied to the beam before it
enters the helical pumping and coupling region, then the beam's noise
power originating at the cathode and carried along by the cyclotron waves
will represent the initial cyclotron-wave noise amplitudes at the input
of the helix. This beam-induced noise will be the dominant noise at the
output end since the noise waves also are pumped by the dc-twisted field
as shown in Eq. (3.15). Other sources of noise as considered by Lea-
Wilson [Ref. 41], Adler and Wade [Ref. 15], and others [Refs. 12,42] are
not comparable with the beam-induced noise at the circuit output in this

type of amplifier. A few of these noise sources include:

1. Partition noise which is due to beam interception on various
electrodes, sometimes caused by amplification of the thermal orbits
of the electrons within the pumping and coupling region. This

source introduced a noise figure of about 0.4 db in one particular
case [Ref. 41].

2. Noise caused by the spread of axial velocities in the beam. In
our analysis the assumption has been made that the electrons all
have equal axial drift velocity. However, the axial drift velocity
in actual cases will vary somewhat, due not only to space-charge
depression inside the beam, but also to the axial electric field
produced by the twisted dc potentials as shown in the large-signal
analysis in Chapter II. The noise figure introduced by the space-
charge depression in one typical case would be about 0.2 db for
S-band operation, and that introduced by the axial electric field
would be about 0.4 db.

3. Noise carried by the synchronous waves. This noise does not involve
transverse velocity of the electron motion but rather comes from
the spatial fluctuations of the center of gravity of the beam about
its original axis due to the thickness of the beam. These fluctu-
ations may induce a noise output vcltage on the helix, which is
proportional to the operating frequency as well as the cyclotron
frequency. In comparison to the amplified cyclotron-wave noise,
however, the noise from the synchronous waves is still negligible.

Noise-reduction schemes for transverse waves have been studied by
Wessel-Berg and Bl3tekjaer [Ref. 43). They showed that the beam noise
can be redistributed among the four waves by a proper tranaducer, so that
the noise matrix [Haus and Robinson, Ref. 44] is diagonalized and the
minimum eigenvalue is associated with the negative-energy transverse
wave which is coupled or pumped by the external waves. Such schemes of
noise reduction are also npﬁlicuble to our case. The optimum noise
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transformer would be different from the cases considered by Ref. 43,

since we use both the fast cyclotron wave and the slow cyclotron wave

to interact with the circuit wave. The optimum passive noise transformer,
however, would make the noise temperature in our case equal the minimum
noise temperature T, . = («/w,) T,.

Our amplification scheme (simultaneous pumping and coupling) is not
primarily aimed at low noise characteristics, but rather at various
other advantages, such as favorable bandwidth characteristics, possibil-
ities of high-power and high-frequency operations, etc. We will there-
fore only analyze the simple noise performance with the beam brought
directly from the electron gun without any noise stripping or noise
transformation.

In order to examine the noise performance of the tube, one starts by
looking at the noise output without signal input. From solutions of the
coupled-mode equation, one has the noise output circuit wave of the
quadrifilar helix tube with simultaneous signal coupling and dc¢ pumping

as follows:

St jk k
A(L) = VB A(0) + 1k (sinh L) Ag(0) + ZB= cosh al- 1) A,(0) (3.28)
a
where G = power gain
Ag(0) = input noise magnitude of the slow wave in the beam
Ag(0) = input noise magnitude of the fast wave in the beam
A_(0) = input noise magnitude of the (-1) mode circuit wave

A_(L) = output noise magnitude of the (-1) mode circuit wave

a = v kg - ?

k. = coupling coefficient for dc pumping
k_ = coupling coefficient for (-1) mode

L = the length of the quadrifilar helix

The first term in Eq. (3.28) is evidently the noise output in the
circuit wave from the signal source. The second term gives the noise
output from the fast cyclotron wave, and the third term gives the noise

output from the slow cyclotron wave.
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The power spectrum of a wave A can be defined as:

*
S -Alim SLﬁié—it = power density spectrum
«=0

= average available power per unit bandwidth

In our case, it is reasonable to assume that there is no cross-power
density spectrum between the fast and the slow waves at the input. Based
on this assumption and the above definition for power density spectrum,
one can evaluate the noise figure of the quadrifilar helix tube with
simultaneous signal coupling and dc pumping as follows:

NF = 1 *é%;k—? (cosh aL - 1)2 g-%g-))—i:%;-;—
+1k?(, 2 .,y <Ag(0) AF(0)>
Gz (sinh L RO A0 (3.29)
The noise powers carried by the cyclotron waves [Ref. 42] are
< Ag(0) AZ(0) > = < Ag(0) A3(0) > = kT.B f: (3.3¢)
The noise power from the signal source is, as usual,
< A_(0) AZ(0) > = kTB (3.31)

where k = Boltzmann constant

o=
]

the bandwidth of the system
T, = temperature of the cathode

T, = temperature of the input source (usually taken to be 290°K)

Then the noise figure can be written as

2

2 T. .
NF =1+ LlK [52(co.h aL - 1)2 + sinh? aL]-Q-‘& (3.32)
G 0.2 0.2 ) TO wc
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The noise figure is commonly expressed in terms of the noise temperature
Tq of the tube as

T
NF s ] + 72 (3.33)

o

By comparison with the above equations, the noise temperature of the
quadrifilar helix tube with simultaneous coupling and pumping is found
in terms of the frequency parameter 7 = k_/kP:

T, = £l7) T, (3.34)

where

. )
gl oL —L— (cosh kL V1. 72 - 1) + sinh? kL v 1-72]

l1-r“t1.7

Under high gain operation, £(7) can be simplified to

2
glr) = 2_2L (3.35a)

T

Figure 48 shows the noise ratio ¢ as a function of 7 with the
pump level Gpo as a parameter. It is seen that ¢ is within the

range of 1 to 10 and gives a noise figure of 6 to 12 db for T = 870°K

and « = w, in the most interesting high-gain range for which

c
0.4 <7 <1.0. Comparing these curves with those of power gain va 7 as
shown in Figs. 38 and 39, one notices that the noise at the center fre-
quency increases as the pump level increases. Figure 49 shows the noise
ratio at the value of 7 for which maxium gain occurs, as a function of
pump level, and Fig. 50 shows the noise figure in db assuming T, = 870%K
as a function of pump level for various operating frequencies. From
these curves it is evident that the noise increases with the pump level.
It should be mentioned that the beam current must be adjusted such that
Tm for various pump levels occurs at the frequency chosen in following
the particular curve in Fig. 50.

Figure 51 ia a plot of & at the values of 7 for which maximum
gain occurs for various pump levels. It is seen that £(7,) decreases
sharply at high pump levels and decreases more slowly at low pump levels.
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In order to evaluate the noise dependence on frequency, we can
substitute the expression of 7 for a hollow beam as shown in Eq. (3.20)
into the noise equation. Considering high gain only, so that the ap-
proximation equation for high gain can be used, then one haa:

2 - 72 o
T, = ) £ T, (3.36)

(1)

From Eq. (3.20) using the approximation sinc (B8 )w/2) =1, we find

vz
T, = —B . & T (3.37)
a 2 @ [
9 Io c

It is clear that the noise temperature of the tube decreases linearly
as the frequency increases under high gain operation with fixed pump
voltage and the beam current. These characteristics are shown in Fig. 52
for various conditions using the cathode temperature as a parameter. The
noise figure in decibels as a function of the tube noise temperature is
shown in Fig. 53.
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The noise figure of this type of amplifier is seen to be comparable
with conventional traveling-wave tubes even if no noise-stripping
mechaniam is used to reduce the beam noise before the amplifying region.
In view of the fact that the bandwidth is wider than the traveling-wave
tube and that high-frequency and high-power operation ia possible, the
tube is very promising as a prospective microwave amplifier, particularly
if some sort of broadband-beam noise-reduction technigue can be developed
in the future.
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IV. DESIGN CRITERION AND THE CONSTRUCTION OF AN EXPERIMENTAL TUBE

A. DESIGN OF THE QUADRIFILAR HELIX

In designing & helix, there are two important parameters to be
specified in order to achieve the proper performance: the pitch p and
the diameter a of the helix. Usually one specifies a desired frequency
of operation before starting to evaluate the dimensions of the structure.
One can also first choose some suitable dimensions for the structure,
then calculate the frequency and the performance of the structure. In
the present tube we want to design a quadrifilar helix which will operate
under simultaneous rf signal coupling and dc field pumping., Therefore
we must choose the pitch and diameter of the helix to meet both the
coupling condition and the pumping condition derived in Chapter II,

After thess two dimensions are chosen, one can then decide the material,
the dimensions, and shape of the wire for the quadrifilar helix, from a
technical point of view,

One must of course require that the pumping coefficient and the
coupling coefficient have suitable values, such that a reasonable dc
pumping voltage will give enough gain and a reasonable beam current will
couple the signal from the circuit into the beam, and vice versa. From
these data one can then decide the length of the tube for a specified
gain.

From Fig. 27, one notices that the diameter of the helix for cyclotron
frequencies below 10 kMc is larger than 1 cm. It is found that the pump
coefficient on the helix axis for these large diameters is extremely

small for reasonable pumping voltage. For example, for u,/c = 0.1,

£, (kMc) a (em) kl (V!)
10 0.4775 0.815 x 10°4
5 0.955 0.408 x 10°4
3 1.59 0.244x10"4
1 4.715 0.815x 10°5

This means that for appreciable gain the tube needs extremely high pump
voltage or an unreasonable length of tube. However, the pumping coef-
ficient can be improved considerably by using an apnular hollow beam

and a center conductor inside the helix. The pumping coefficient for the
quadrifilar helix with a center conductor is derived in Appendix D as:
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. sinh 2p:('n -b) v | B
P "0 Tiinh 28 (a-b) 2V, (4.1)

k

where A) is the magnitude factor for the fundamental mode of the
pumping field,

A = 4 V_.indz
| > { TV;T sin > t dz (4.2)

and a is the radius of the helix
b is the radius of the center conductor

r, 1is the average radius of the electron beam

The ratio of the pump coefficient with center conductor to that without
is found to be:

2 sinh 28_.(r, -b)
- c c o
I Ay ( “o) sinh 25 (a-b) (4-3)

This is called the improvement factor. Since A} is close to unity

and the ratio of c/u° is usually more than 10 for nonrelativistic
beams, it is possible with the proper design to obtain an improvement of
more than two orders of magnitude by adding the center conductor in the
quadrifilar helix. The actual factor of merit is therefore the ratio of
the hyperbolic sines in Eq. (4.3). This ratio has an upper limit of

one if the beam is concentrated in a thin layer just next to the helix.
In practice this cannot be done. However, the ratio can be made to lie
in the range 0.2 to 0.5 by designing the gap between the helix and the
center conductor much smaller than the helix pitch and by keeping the
beam as close to the helix as poassible, i.e.,

-b<Pk (4.4
a 2 )
and

% a (4.5)
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For example:

ra 'b) = B R P 2
(a 2 2 s 4
b
o°2 . 0.5 0.8 0.5 0.8
a-b
. inh 2 :
sinh 2B (ro-b) o 0407 0.274 0.2 0.534

sinh 28.(a - b)

for:
“—:- 0.1 then T =4.07 27.4 20 53.4
Zo . 0.0316 T -40.7 2714 200 534
C

Figure 54 shows plots of the ratio of the hyperbolic sines for a

quadrifilar helix with center conductor as a function of (r,-b/a-b)

with (a - b) as a parameter.

between the beam and the helix is made smaller.

However,

This figure shows that one can make the gap
between the helix and the center conductor larger provided the spacing
the beam

interception on the helix would set a limit for the beam-to-helix spacing.

A compromise between the average beam radius r,

and the radius of the

center conductor for a given quadrifilar helix results in a reasonable

structure with substantial improvement over the helix without center

conductor.

When we first designed our experimental tube for this work, the above

calculation had not been completed, and we used instead a rough and overly

optimistic estimate of the pumping coefficient.

As a result, in our

experimental tube the ratio of the hyperbolic sine is only 0.005, and the

improvement factor is only 3 for c¢/u, = 26.2.

Therefore, the pump

coefficient is actually much smaller (more than one order of magnitude

less) than our rough, estimated value.

will describe later.
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Thus, the observed gain with a

reasonable pumping strength is low in our experimental results, which we
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Three design procedures are outlined in the following paragraphs.
The first and second procedures emphasize the convenience of construction
and testing of the tube. The third one emphasizes the optimum design
based upon the technical limit of construction.

1. Design Procedure 1

In this procedure, the magnetic field and the beam voltage are
first specified, from which the dimensions of thke quadrifilar helix will
be calculated.

1. Specify the magnetic field and the beam voltage intended to be used
in the tube.

2. From the nomograph shown in Fig. 21, find the cyclotron frequency
corresponding to the magnetic field. This frequency is roughly the
center frequency of the operating band.

3. On the same nomograph, find the beam velocity corresponding to the
beam voltage.

4. Connect the points corresponding to the magnetic field and the beam
voltage in the nomograph; the intersection of this line with the
pitch scale gives the pitch of the helix.

5. Find the radius of the helix corresponding to the cyclotron frequency
from Fig. 27.

6. Choose either round wire or flat-tape wire to wind the helix.
7. Choose a suitable size of wire. The best choice whould be:

w = the wire width or diameter = 1/6 p

g = the gap between adjacent helices = 1/12 p

This choice provides no third-space harmonic of the pumping field,
and the magnitude factor of the fundamental mode is A; = 1.102.
Other choices will give A; less than one and also provide some
third-space harmonics.

8. Calculate the pumping coefficient for the helix without center
conductor. If it is too small, then continue by designing a proper
center conductor and using a hollow beam.

9, From Fig. 54, choose suitable radii for the center conductor and
the electron beam to obtain a large improvement factor and also
provide enough space for the beam to pass through without inter-
ception on the helix. Calculate the pump coefficient per volt of
dc pumping voltage.

10. Specify the db gain desired for the circuit wave, then from Figs. 38
or 39 find the suitable pump parameter Gpo and the corresponding
frequency parameter 7.
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11. Choose a suitable maximum pumping voltage and from Fig. 40, find
the value of k L corresponding to the G found in step 10,
Then calculate Bhe required length L of gge helix. If the length
is too long (beam spread due to space-charge force will be serious)
or too short (beam spread due to dc pumping will be serious for
high gain), pick a different maximum pumping voltage and determine
the new L.

12. Choose a reasonable thickness for the beam and calculate the avail-
able beam area, then find the current at Brillouin flow correspond-
ing to the specified magnetic field. Figure 55 is a set of
nomographs for the current density and the current of a flat or
thin hollow beam under Brillouin condition. This can be con-
veniently used in the design.

13. From the value of 7 found in step 10, calculate the coupling
coefficient required. The coupling coefficient at the cyclotron
frequency of a hollow beam in the quadrifilar helix with center

conductor is found by substituting the transverse impedance of
Eq. (3.26) into Eq. (3.4) as follows:

120 1
k_' . ’_____"__'._9_ (4.6)
at <, (a-b) p2 v,
Substitute the coupling coefficient just found into the above
equation, from which the required beam current can be determined.

14. Compare the necessary beam current found in step 13 with the
current under Brillouin flow.

a. If they are about the same magnitude, then a Brillouin flow gun
should be used in order to have good focusing of the beam,

b. If the necessary beam current is much smaller than the current
under Brillouin flow, then an immersed Pierce gun can be used,

15, Design an electron that will provide the electron beam with proper
thickness, designed average radius, required beam voltage, and
enough beam current as specified in previous steps (details of gun
design will be discussed later). For testing purposes it is con-
venient to have a variable perveance gun in which one can change
the beam current without changing the beam voltage.

2. Design Procedure II

In this procedure, the cyclotron frequency and the slowing factor
u,/c are first specified, then the pitch and the radius of the helix as

well as other dimensions are determined.

1. Specify the cyclotron frequency and the slowing factor.

2. From the nomograph of Fig. 21, find the magnetic field B corre-
sponding to the specified cyclotron frequency; and be sure that this
field strength is readily available. Otherwise, re-specify the
cyclotron frequency in step 1.
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3. On the same nomograph, find the beam voltage corresponding to the
slowing factor.

4. Connect the points corresponding to the cyclotron frequency and the
slowing factor in the nomograph. The intersection of this line with
the p scale gives the pitch of the helix.

5. From Fig. 26 find the radius of the helix corresponding to the
magnetic field.

6 to 15. Use the same steps as those in Procedure I,

3. Design Procedure III

In this procedure, the operating frequency is first specified,
and the helix pitch then chosen equal to the smallest limit that seems
reasonable from a construction point of view. Then the other parameters
are calculated and/or specified. Therefore following this procedure,

an optimum design is obtained.

1. From Fig. 27, find the radius of the helix by taking the operating
frequency equal to some fraction, say 50 percent, of the cyclotron
frequency.

2. Choose the minimum pitch that seems reasonable based on fabrication
considerations.

3. Calculate the slowing factor of the beam under the pumping con-
dition, or find this directly in the nomograph shown in Fig. 21 at
the intersecting points of the slowing-factor line and the line
connecting the pitch and the cyclotron frequency already specified.

4, Obtain the beam voltage at the same point.

5. Record the magnetic field corresponding to the cyclotron frequency
as shown in the same nomograph.

6 to 15. Follow the same steps as those in Procedure I.

4. Sample of Helix Design; Following Design Procedure I

1. Specify B = 1340 gauss and V, = 375 v.

2. From the nomograph shown in Fig. 56, which is the same as Fig. 21,
fo = 3750 Mc.

3. From the same nomograph u, = 1.1x 109 cm/sec and uo/c = 1/26.2.

4. Following the active pumping line determined by the magnetic field
and the beam voltage, the pitch should be p = 0.305 cm = 0.120 in.

5. From Fig. 27, a = 1.27 ¢m = 0.5 in,

6. Flat-tape wire will be used because of large radius and small pitch
of the helix.

7. Choose w = 0.020 in., g = 0.010 in, then A; = 1.102.

8. The pump coefficient of the helix without center conductor is found
from Eq. (3.5), k, = 5 x10-5 Vp. which is too small.
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FIG, 56. THE NOMOGRAPH FOR HELIX DESIGN.

9. From Fig. 54, choose a-b = p/4 = 0.030 in., so b = 0,470 in,

10.

11,

and (r,-b)/(a-b) = 0.78, so r, = 0.4934 in. Then the improving
factor is, from Eq. (4.3), 2= 1.102 - (26.2)2 - 0.5 = 359. There-
fore, the pumping coefficient with center conductor is

k, = 1,795x10-2 V_. This is more than enough, because for a
helix 10 cm long we need only about 100 v pump voltage to bring

kL > 10. On the other hand, the average beam radius has only

a clearance of 0.0066 in. from the helix. It seems advisable,
therefore, to have more clearance in exchange for a smaller pump
coefficient. So, take (r,-b)/(a-b) = 0.565; r, = 0.487 in.
This gives 0.013-in. clearance from the helix. From Eq. (4.3) the
improvement factor is nmow T = 1.102 (26.1)2 + 0.25 = 180, The
pumping coefficient with center conductor would be

kp = 0.9 x 10-2 Vo em ! which is just about right.

Say ong = 33.3 db is desired; then from Fig. 39, Gpo = 50 db and
T = 0.6.

From Fig. 40, ka is found to be 6.45, corresponding to G,, =50 db.

Say 300 v is the maximum pump voltage. Then from the pump coef-
ficient found in step 9 we have ka = 6.45 = 0.9 x 102 x300 L.
Hence, the necessary length of the helix is L = 2.385 e¢m and

L/A, = N = 7.85 wavelength. This seems to be small. Try to specify
100 v pumping, then L = 7.155 cm = 2.82 in., and N = 23.55 wave-
length.
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12,

13.

14.

15,

16.

From Fig. 55, the Brillouin current density is J = 31 nmp/cm2.
Choose the thickness of the beam as t = 0.010 in.; then the beam
area is A = 27 r_t = 0.0306 in.2 «=0.19 cmz. The current under
the Brillouin limit is I, = JA = 5.9 amp.

Since 7 = 0.6, k. = 7k = 0.6 x0.9%x10°2x100 = 0.54. From
Eq. (4.6)

120 7 x0.020 I
k. = / X ° _ . 2.68 /T,
0.030 x (0.305)2 x 375

llence, the required I, is

2
I, -( %;%%) = 0.0405 amp = 40.5 ma

The necessary beam current found in step 13 is less than one per-
cent of the Drillouin flow current, so an immersed Pierce gun can
be conveniently used.

Design a Pierce gun that will deliver a thin hollow beam of 40.5 ma
at 375 v with an average beam radius of 0.487 in. and a beam
thickness of 0.010 in.

Summary of the Design:

B = 1340 gauss Vo = 375 v

fc = 3750 Mc c/uo = 26,2

p = 0.12 in. w = 0.020 in.

a=0.5 in. g = 0.010 in.

b = 0.470 in. r, = 0.487 in.

t = 0.010 in. L = 2,82 in.
kp = 0.9x10°2 v cm! k. = 2.68 VI, em"l av £ = £,
I, » 40.5 ma Beam power = 15.4 w

Expect about 33-db gain at cyclotron frequency with 100 v pumping.

B. DESIGN OF THE ELECTRON GUN

A two-anode gun which gives a confined-flow flat beam will be

considered, since the thin hollow beam can be approximated by a flat

bean.

The design of the gun follows closely the analysis presented by

Dunn and Luebke [Ref. 45) with slight modifications to suit present

requirements. The cancellation of the lens effects at the gun apertures

for the case of parallel flow beam with planar symmetry was first studied

SEL-62-151 - 98 .




by Pierce [Ref. 46). He has shown that the lens effect of two anodes
can be cancelled perfectly by arranging the transverse actions produced
at the two anodes so that they are the same both in magnitude and in
phase, but with the induced tranaverse velocity on the electrons in
opposite direction at the two anodes because the transit time between
the electrodes is one half-cyclotron wavelength. King (Ref. 47] has
extended this analysis to the case of a full cyclotron wavelength between
the two electrodes and with the transverse actions produced at the two
anodes equal in magnitude but opposite in phase. Dunn and Luebke have
generalized the principle to further include the cases of electron
transits of any multiple of a half cyclotron period between the two

anodes, witli emphasis on the advantage of variable voltage guns.

In the present application, we need a beam in synchronism with the
circuit such that the fast cyclotron wave is coupled to the -1 mode helix
wave. Therefore, we want a constant voltage beam with suitable beam
currents, and it is obvious that the scheme of the two-anode gun is well
suited for this purpose because one can obtain a set of fixed parameters
that provide perfect cancellation of the lens effect at normal operation.
Also for testing purposes, the beam current can be varied by slightly
changing the voltage on the first anode, while maintaining constant
beam voltage. In other words, the gun can be operated as a variable

perveance gun with constant beam voltage.

Figure 57 shows the dimensions and symbols used in designing the

electron gun, where:

dj = the distance between the first anode and the cathode

dg = the distance between the second anode and the first anode

V¢ = the voltage on the focusing electrode with respect to the cathode
V] = the voltage on the first anode with respect to the cathode

Vg = the voltage on the second anode with respect to the cathode

Following the analysis of Dunn and Luebke, the following two equations
should be satisfied in order to have perfect cancellation of the lens

effect at the two anodes:

n(B/B,) -
Vp+1

0.943 (4.7)

and

2.;';1[1-(-1)'" ﬁ_;].% (4.8)
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FIG. 57. THE TWO-ANODE CONFINED-FLOW STRIP BEAM GUN,

where m = the number of half cyclotron wavelengths of the distance
between the first and second anodes

n = dg/d)

p = V2/V1

B} = the Brillouin magnetic field at V;
B = the actual magnetic field used

In the present problem, we have to start with fixed voltage on the
second anode and fixed beam current, obtained from the design data for
the helix and the beam. Therefore Eqs. (4.7) and (4.8) can be modified
to suit present design convenience by using the Brillouin magnetic field
at Vy, and writing

1. m = even:

3
(B/By) = 4.45 n p%/4 (4.9)
vp - 12
ne300-120+y (4.10)
4 Vo
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2. m = odd:

3/4
g (B/By) --44-4-2—.%9—/— (4.11)
ne3(/p-1) (Vo+1)2 (4.12)

4 vp

where Dy is the Drillouin magnetic field at Vs.

Figure 58 is a plot of Eqs. (4.9) to (4,12) for positive values of
n, which will be useful in designing the electron gun. The design
procedure is:

1. Record the beam voltage and the beam current specified in the helix
and beam design.

2. Calculate the perveance of a confined-flow gun and the perveance
per square P, for the hollow beam. ;rom practical considerations,
P, is limited to less than 0.4 pa/v3/2. Otherwise, a confined flow

gun cannot be used to provide the current.

3. Let the voltage on the second anode be the beam voltage, and
calculate the actual current density in the beam, or find it from
the nomograph shown in Fig., 55,

4. Calculate the Drillouin magnetic field at the beam voltage for a
. strip beam according to the following equation:

2 J
BS = (4.13)
e DA,

where J is the current density. Or, find the Brillouin magnetic
field for the strip beam from the nomograph shown in Fig. 55.

5. Calculate the ratio of the magnetic field that is actually used to
that for the Drillouin flow at beam voltage.

6. From Fig. 57 find the solution of p, the ratio of the voltage at
the second anode to that at the first anode, corresponding to the
number of half cyclotron wavelengths between the two anodes.

7. Calculate the voltage of the first anode corresponding to the
solution of p found in the previous step.

8. Determine the distance between the first anode and the cathode by

Child's Law:
J =42 ¢ n1/2 V%/z
- 9 d%
- or use the nomograph shown in Fig. 59.
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FIG., 58. THE CURVES SHOWING THE CONDITION FOR PERFECT CANCELLATION
OF THE LENS EFFECT AT THE TWO ANODES.

9. Calculate the ratio n = dg/d) from Eq. (4.10) or (4.12), or find
the plot in Fig. 57, for the o found in step 6.

10. Calculate the distance dg between the first and the second anodes
corresponding to the specified d; and n found in steps 8 and 9.

A sample gun design is:

1. From the helix and the beam design Vg = V, = 375 v and

Io = 40.5 ma.
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FIG. 59. NOMOGRAPH OF CHILDS LAV,

. Let:

I
Perveance = —2_ = 5.57 ya/va/2
V°3/2

2ma . 314
t

the circumference of

No. of squares along}
the hollow beam

Hence P_ = 0.0177 ;m/vs/2 which is less than one-tenth of the
technical limit, 0.2 ua/v /2,

. The beam area is Ay = 27at = 0.202 cm?. So the current density is
J =0.2 amp/cmz.

4. From Fig. 55, By = 110 gauss.

. Hence B/Bg = 1340/110 = 12.2.
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6. From

7. Now,

or

dy =

or

9. From

Fig. 57, the value of p is:

p=1.5
p =029 or 8.5
p = 4.3
p=0.16 or 26.5
Vl = Vz/p, 80:
Vl = 250 v

Vy; = 1290 v or 43.6 v

V] = 87.2 v

Vy = 2340 v or 14.15 v

Fig. 58, we find

0.215 cm = 0.0845 in.
0.735 cm = 0.0232 in.

for

for

for

0.059 cm = 0.0232 in. (too small)

0.098 cm = 0.0385 in.
1.152 em = 0.454 in.

0.025 cm = 0.0098 in. (too small)

Fig. 55, the ratio n = dy/d;

n=0.67
n=20.46 or 3.3
n=3.5
n=209 or 15

is found

for

10. The distance dy is found as follows:

SEL-62-151

dg = 0.0566 in.
dg = 0.133 in. or 0.0765 in.
do = 0.135 in.
dg = 0.435 in. or 0.147 in.
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11, Summary:

me] ne2 ms=3 ney4
Design No. 1 2 3 4 H) 6
V) (v) 250 1290 43.6 87.2 2340 14.15
d; (in.) 0.0845 0.29 0.0232| 0.0385 | 0.0454 0.0098
dg (in.) 0.0566 0.133 0.0765| 0.135 0.435 0.147

fn this design, the dl in No. 3 and No. 6 are too small to be
constructed; and V; in No. 5 is too high in practice, since Vy is
only 375 v. Designs No. 1, No. 2, and No. 4 are acceptable. Each has
its own advantages and disadvantages. The actual choice can be based on
other considerations. For easy construction, it would be wise to choose
No. 2 because of its large spacing; but it requires about three times
higher voltage on the first anode than the voltage on the second anode,
which is the beam voltage. Design No. | is good as far as construction
and tube operation are concerned, but the cancellation of the lens effect
is very sensitive to the anode voltages since n is small [Ref. 45].
Design No. 3 appears to be the optimum design which is within techniques
for careful construction and which operates at a low voltage at the first
anode. It also has a larger value of n, i.e., the spacing between the
first and the second anodes is considerably larger than that between
the cathode and the first anode. This fact provides a wider usable
voltage range; therefore, control of the beam current by the first anode

operating as a constant-voltage variable-perveance gun is more effective.

C. CONSTRUCTION OF AN EXPERIMENTAL TUBE

The design parameters for the experimental tube we constructed were:

B = 1340 gauss Vo = 375 v

fo = 3650 Mc c/ug = 26.2

p = 0.120 in. w= 0,010 in.
a = 0.500 in, g = 0.020 in,
b = 0.400 in. ro = 0.450 in.
t = 0,025 in. L = 5.5 in.
I, = 100 ma Beam power = 37.5 w
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The magnitude factor for the fundamental mode is:
Ay =2 . 0.636
n

The ratio of the hyperbolic sine (or figure of merit) is:

sinh 25, (rqy - b)
sinh 28, (a-b)

= 0,006

The improvement factor due to the addition of the center conductor
calculated from Eq. (4.3) is:

T - 0.636 x(26.2)2x0.006 = 2.52

This improvement factor is quite small, especially in comparison with
that of the sample helix design in Sec. A of this chapter. Our design
for the experimental tube is evidently not a good design for amplifi-

cation, due to our early erroneous estimate of pumping strength,

Figure 60 shows the constructed quadrifilar helix. Four sapphire
rods are used to support the helix and maintain its proper pitch and
diameter. Tungsten tapes of 0,005-in. thickness and 0.010-in. width
were used to form the helix. In constructing this fine tape helix
having a large radius, difficulties arose from the large internal bending
stresses which demanded considerable binding strength to hold the helix
in its designed shape. We at first attempted to glaze the supporting
rods to the helix, but it was found that the glaze material was not
strong enough to overcome the internal bending stress of the wound helix.
Several other materials were tried and also ended with failure. Finally,
the rods were brazed to the helix by a thin brazing strip, and the excess
conducting braze material between adjacent helices after firing was removed

with a fine sharp knife. This invelved much work but was very successful.

The hollow-beam electron gun was designed with the following data:

m=3 p = 4.3 n = 3.62
Vi =87 v  d) »~0.037 in.  dg = 0.134 in.

A spacing of three half-wavelengths between the first and second
anodes was chosen to lower the first anode voltage. Since the thickness
of the beam is only 0.025 in. compared with the hollow-beam mean radius
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FIG. 60. THE QUADRIFILAR HELIX SUPPORTED BY FOUR SAPPHIRE RODS.

of 0.450 in., the planar beam approximation used in the design theory is
justifiable. As shown in Fig. 61, a drift section is provided between
the second anode and the quadrifilar helix. A supporting tube is also
provided in order to support the center conducting cylinder inside the

quadrifilar helix. The complete experimental tube is shown in Fig. 62.

Focusing 0.1347 ) Cathode
electrode

and hes . .
” shield Anode width 5 mils

| sm—my 4 :f J
s Tl =Electron beam
[ & -z T " .| )|
15 mil | g g
thickneas ﬁ"j. p upporting tube
ater

£0.450°

A

/

1st anode] “2nd anode

Center axis

FIG. 61. HOLLOW-BEAM GUN FOR THE QUADRIFILAR DC-PUMPED
TRAVELING-WAVE TUBE WITH BEAM CURRENT 100 MA AND
ACCELERATING VOLTAGE 375 V.
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The pumping coefficient and the coupling coefficient of this
constructed experimental tube can be calculated from Eqs. (4.1) and
(4.6) as follows:

kp = 1.36x 10-4 A em-1

k., = 1.04 VI em~1 at f=1f

o c

The coupling coefficient will give the value k_L close to 3(n/2)

for I, = 100 ma at the cyclotron frequency, and is in the favorable
operating range as discussed in Chapter III. The pumping coefficient
is, unfortunately, one order of magnitude smaller than the rough estima-
tion originally used in specifying the dimensions for the tube con-
struction before the detailed design theory was completed. Therefore,
the gain is much smaller than the original design value for the same
pumping voltage. This small pumping coefficient per volt is a direct
result of the large gap between the helix and the center conducting
cylinder which gives essentially no improvement upon the quadrifilar
helix. It would require more than 10,000 v pump voltage to make the
pumping coefficient comparable with the coupling coefficient. It is
apparent that the helix cannot support this high pumping voltage because
of arcing. lowever, it is still possible to study the operation of our
tube at low pumping level to check the theory, which is the main purpose
for this experimental tube. Considerable information on the operation
of the tube can actually be obtained at low pumping levels. In fact,
experiments at low pump levels, if carefully carried out, are a more
stringent test of theory than experiments at high pump levels. This is
because high-pump-level high-gain experiments depend only on the one
growing wave of the system; whereas low-pump-level low-gain experiments
depend on the (rather complicated) interaction of all the waves in the
system. Other valuable information which can be obtained includes:

1. The transverse interaction impedance

2. The coupling coefficient as a function of the beam current and the
signal frequency

3. The abrupt output pattern change before and after the Kompfner Dip
coupling strength as predicted in Chapter III

4. The interaction of the various circuit modes and the different
beam waves
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5. Tests of other possible operations using simultaneous coupling and
pumping, for example involving synchronous waves instead of one of
the cyclotron waves.

The observed results from our experiments will be presented in the next
chapter. In general, they do confirm the predictions of the theory,
and in particular, they do verify the wide bandwidth of this amplifier.
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V. EXPERIMENTAL RESULTS AND INTERPRETATION

A. COLD TESTS ON THE HELIX

The quadrifilar helix with center conductor was tested before it was
assembled with the gun. The excitation of various modes on the helix
was tested, and the -1 mode forbidden gap and its fast wave radiation
were observed. The impedance matching to the input and output circuits
was found to be acceptable, although readjustment of the matching
structure at each frequency was necessary for best results. The attenu-
ation through the helix due to ohmic and dielectric loss was also
measured, and found to be acceptable. The propagation characteristics
were measured by setting up a standing wave pattern on the helix and
measuring the wave fields by a probe outside the helix, thereby yielding

B as a function of frequency.

1. Mode Excitation on the Quadrifilar Helix

In order to excite the proper mode on the quadrifilar helix, we
have to divide the signal into four branches with equal magnitudes and
proper phases. A double-ridged waveguide is found useful to divide the
signal equally into two branches with phase difference of 180 deg.
Figure 63 is a sketch of this arrangement. The TE;; mode was excited

FIG, 63. WAVEGUIDE BALUN FOR DIVIDING THE SIGNAL INTO T¥WO
BRANCHES WITH EQUAL MAGNITUDE BUT OPPOSITE PHASE.
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a. Exterior view

b. Interior view

FIG. 64. THE EXTERIOR AND THE INTERIOR OF THE
DOUBLE-RIDGED WAVEGUIDE.
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in a waveguide by a single probe shown at A. The electric field of this
mode is symmetric to the center plane; therefore a pair of coaxial probes
placed symmetrical to the center plane but on opposite sides couple out
equal magnitudes of the field with opposite phases. The use of a double-
ridged structure provides better efficiency and matching than an ordinary
rectangular waveguide. Figure 64 is a photograph of the exterior and the
interior of the double-ridged waveguide structure. A movable short
circuit at the end is built in to adjust for best matching. Further
signal division and phase shift is achieved by using 3-db directional
couplers (Narda Model No. 3033). These are used to divide the S-band
signal into two branches with equal magnitudes and 90-deg phase dif-
ference, Therefore, with one double-ridged waveguide and two directional
couplers we can divide the signal into four branches with equal magni-
tudes and 90-deg phase lagging (or leading) successively as shown in

Fig. 65. The actual assembly of this power divider is shown in Fig. 66.
This assembly can be used either as input circuit or as output circuit,

o
1UT pr— LL
sl T 3 d»
DIRECTIONAL
COUPLER
e [=80°
WAVEGUIDE BALUN 1:
o o—t [-180°
T
DIRECTIONAL

COUPLER

NE: oo La2e®

FIG. 65. THE ARRANGEMENT FOR EQUAL POWER DIVISION INTO
FOUR SUCCESSIVE BRANCHES WITH 90 DEG PHASE DIFFERENCE.

The two waveguide assemblies used in the input and the output
circuits were tested, and their power divisions and phase differences
measured as functions of frequency, as shown in Figs. 67 and 68. Their
power ratios deviate less than 1 percent from unity and their phase
difference deviate less than 2 deg from 180 deg over the desired band-
width. These results show that they are functioning satisfactorily. The
Narda 3-db hybrid couplers give power ratios less than 3 percent off from
unity and phase differences leas than 1 deg from 90 deg over 2 to 4 kMc.

They are also acceptable.
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THE ACTUAL ASSEMBLY OF THE INPUT OR THE OUTPUT CIRCUIT.

66.

FIG.




]
1.02 b
1.01 p A
£ 100
-
0.99
0.98 i~
0.97 l
2 3
f (kMe)
a. Power ratio of the two outputs
183 T
182 b=
T 181
)
S 180
L
e
178
2 3
f (kMc)

b. Phase difference at the two outputs
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It would be possible to construct a coaxial or astrip-line
transducer with considerably smaller size to provide the power division
with proper phase shift. It would also be possible tb incorporate such
a unit into the tube package. In the present research we are mainly
interested in verification of the theory established in previous chapters
and the testing of the operation; therefore, we will leave this possibil-
ity for future studies.

Once the proper signals in the four branches are available, one
can excite only the -1 mode or only the tl mode according to the con-
nections to the helix, as shown in Fig. 22(c) and (d). Figure 69(a)
shows the output of the circuit wave with -1 mode excitation. The for-
bidden gap is clearly shown in this trace. Figure 69(b) shows that the
signals with frequency close to the forbidden gap or ka close to unity
are eliminated by placing lossy material (for example, the hand of the
experimenter) outside the glass tube which houses the helix. This is
due to the fact that these signals have phase velocities very close to
the velocity of light. Their energy or fields extend radially far away
from the helix and can be absorbed by the lossy material outside the
glass tube. This effect also identifies the circuit wave as traveling
with high phase velocity and verifies the intended -1 mode excitation.
Figure 70(a) is the circuit output with +1 mode excitation. This checks
with the theory in that no forbidden gap exists in S-band. Figure 70(b)
shows the output after adding lossy material just outside the glass tube.
Essentially no change in comparison with trace (a) is observed. This
identifies the circuit wave as traveling with low phese velocity, so that
the field does not extend to the region outside the glass enclosure and
is not affected by the existence of lossy material there. This also
confirms the +1 mode excitation since the phase velocity of this mode in

S-band is much slower than the velocity of light.
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a. No lossy material outside
the glass tube

b. Lossy material outside
the glass tube

FIG. 69. THE OUTPUT OF THE QUADRIFILAR HELIX WITH -1 MODE EXCITATION.
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FIG. 70,

a. No lossy material outside
the glass tube

b. Lossy material outside
the glass tube

THE OUTPUT OF THE QUADRIFILAR HELIX WITH +1 MODE EXCITATION.
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2. Circuit Mntchin;AMenlurement and Insertion Loss

The match of the transition between the helix and the coaxial
cable is achieved by using adapters to provide direct contact to the pins
of the helix, together with saw-tooth outer conducting sheets. It is
found that a narrow adapter with short saw teeth in the outer conducting
sheet will give good matching at both tle input and the output terminals.
An adapter with a width covering four pitches and with saw teeth covering
ten more pitches is found to give the best match in S-band. The VSWR in
this case is less than 1.8 over the whole band. Further adjustment can
be made by adding four double-stub tuners at the output terminals. With
the latter, a VSWR less than 1.5 over S-band has been measured. Caution
must be observed in using the stub tuner, to insure that the -1 mode
circuit wave is the only mode excited. Therefore, the offset of the
phases due to the tuning should be kept as small as possible.

The insertion loss of the quadrifilar helix was measured with
the best matching condition obtained. The insertion loss is in the range
10 to 14 db in the pass band of the -1 mode excitation. This loss is

considered to be reasonable for the fine-tape helix.

3. Cold Measurement of the -8 Diagram of the Quadrifilar Helix

The quadrifilar helix was assembled with a center conductor of
the actual size, with both input and output pins connected to the coaxial
cables by adapters as shown in Fig. 71. The measurement of the propa-
gation characteristic of the helix was performed on the setup shown in
Fig. 72. An approximate standing wave on the helix was first setup by
suitable adjustment of the stub tuners at the output end of the helix.
Then the standing wave pattern was measured, from which the wave number
£ could be calculated at each value of the signal frequency. The
typical measured standing wave pattern is shown in Fig. 73 for
f = 3200 Mc; the magnitude varies as a result of the loss along the
circuit and also because of nonideal mode excitation and the presence of
space harmonics. The guide wavelength is taken as the average of several
measurements along the helix from which the calculated 8 1is plotted
as a function of frequency in Fig. 74. Only the -1 mode in S-band is
measurable by this method, since for other cases the guide wavelength
is too small to be accurately measured. In comparison with the theoret-
ical curve, it is noticed that the group velocity of the actual wave
carried by the helix is slower than the theoretical value. This is to
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FIG. 71. THE QUADRIFILAR HELIX WITH CENTER CONDUCTOR ASSEMBLED
FOR COLD TESTING.

be expected, due to the dielectric loading effect. From Fig. 74 the
dielectric loading factor is found to be:

DLF = 'K (actua%) . 0.92
g (theoretical)

This effect can be interpreted as meaning that the effective radius of

the helix experienced by a wave is larger than the actual radius,

a (effective) = -‘-—-‘-‘&%—lu-

due to the dielectric supporting rods on the helix. Similar corrections
apply to the required magnetic field and the beam voltage in order to
have strong coupling between the fast cyclotron wave and the circuit

-1 mode.
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B. DC BEAM TEST

Upon completion of the experimental tube, beam tests without rf
signals were made before rf tests were attempted. The beam tests con-
sisted of two parts; tests of gun emission and tests of beam transmission
to the collector. Two tubes were actually completed. The second tube
was improved in construction compared with the first tube. The first
tube was found to have two electrodes shorted together after only one
week of operation, due to misalignment of the inner gun electrodes after
heat expansion; and the outer drift tube was found to be too heavy to be
supported only at one end. In the second tube these troubles were re-
moved by having a more rigid construction of electrodes using three
alignment rods inside, together with a thinner drift tube. Better
transmission was observed in the second tube, and the following results

refer to the second tube.

In order to indicate the experimental setups used for various tests,
a schematic representation is used for the tube. Figure 75 shows the
schematic representation, as well as a listing of the connections between

the pins and the various internal elements of the tube.

2o
nN
)
~
——
B
]
o__...qu>

Al
' cl sl .
- (-]
PIN Wo. TUBE ELEMENT PIN NO. TUBE ELEMENT
I MEATER s CENTER CONDUCTING CYLINDER
2 OUTER FIRST ANODE ’ CATHODE
S OUTER FOCUSING ELECTRODE 10 HEATER
% IWER FOCUSING ELECTRODE I COLLECTOR
. o :f::';”‘::::‘ v HELIX INPUTS, n=1,2,3,%
7 OUTER SECOND ANODE &  MELIX UTPUTS, n=i,2,3,8

FIG. 75. SCHEMATIC DIAGRAM OF THE QUADRIFILAR HELIX TUBE.

SEL-62-151 - 124 -




1. Tests on the Electron Gun

During the testing of the electron gun, the tube was still on the
pump station so that the axial magnetic field was not applied. In order
that the helix should not draw excessive current, all four helices were
connected to the c.thode potential. The collector and the center con-
ductor were tied together and kept at a slightly higher potential than
the second anode. The complete test setup is shown in Fig. 76. The
measured temperature-limited cathode emission current as a function of
heater power is shown in Fig. 77. The curve shows that the cathode is
not very good. The heater power needed for normal operation would be
larger than 20 w in order to have the temperature-limited current emis-
sion much larger than 100 ma. Figure 78 shows the cathode emission

current as a function of the voltage on the first anode for different

heater powers. It is evident from this figure that about 22 w is required

for a beam current of 100 ma with the first anode voltage set at 87 w

for normal operation.

NEATER o]
O

) Y 3
-+ | v
- | =
”?ﬂ“

FIG. 76. TEST SETUP FOR TESTING THE ELECTRON GUN.
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2. Tests on the Current Transmission Through the Helix

After the tests of electron gun emission, the tube was vacuum
sealed at a pressure of about 1076 mm. Then the tube was inserted into
the solenoid and aligned parallel to the axis. With the magnetic field
applied, the beam transmission to the collector was measured. The col-
lector, the helix, the center conductor, and the second anode were
connected to the same potential, with current meters on each. The
complete test setup is shown in Fig. 79. The percentage of beam current
transmitted to the collector was measured as a function of magnetic field.
The results are shown in Fig. 80, It is evident that the beam trans-
mission is essentially independent of the cathode emission but is very
sensitive to the magnetic field probably because the magnetic field
strongly affects the cancellation of the lens effects at the two anodes.

AT IR it [iiai
yaR 7Y 11 ”
‘A 6"5 ]
ol

FIG. 79. TEST SETUP FOR MEASURING THE TRANSMISSION OF THE BEAM.
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C. RF TESTS OF THE TUBE

The rf tests of the quadrifilar helix tube consisted of three sets
of measurements. The first set included measurements of the circuit
behavior such as helix propagation mode, coupling coefficient, transverse
impedance, etc. These measurements were made by using the interactions
of the circuit waves and the beam waves. The fast cyclotron wave was
especially useful in measuring the characteristics of the fast circuit
wave, i.e., the -1 mode helix wave near the forbidden range.

The second set was the group of measurements of the operation under
simultaneous rf coupling and dc pumping. Due to the elimination of the
separate input and output couplers, the dc pumping cannot be tested
without the rf coupling. It was found that the tube began oscillating
in a spurious mode at a rather low beam current. Therefore, the available
coupling strength was weaker than that at the designed beam current.

The actual pumping strength was also not enough because of the rough
estimation of pump coefficient used in designing this experimental tube.
Therefore, the measurable gain was only about 4 db maximum. However,

the measured results at low level were closely correlated with the
theoretical results. In particular, the measured circuit output as a
function of pumping strength showed the striking differences when the
coupling strength was above or below the Kompfner-Dip condition, as pre-
dicted by the theory, Wide bandwidth was observed in both L- and S-bands.
We are confident from these measurements that wide bandwidth with high
gain can be achieved by improving the pumping structure to provide higher
pumping strength per volt of dc pumping field. The sample design in the
previous chapter shows that such structures can be designed with real-
izable dimensions.

The third set contains, as a byproduct of this work, tlhe measurement
of other possible operations using the same tube. The operation of
simultaneous rf coupling and dc pumping using one cyclotron wave plus
the synchronous waves was observed to give a strong amplification effect.
As much as 10 db of gain was measured at only about 400 v pumping in
this mode of operation. This observation presents a problem for further
study.

1. Interactiona of the Beam Waves and the Circuit Waves

During this test no dc pumping field was applied on the quadri-
filar helix. The tube operated as a conventional traveling-wave coupler,
where the circuit wave couples with transverse beam waves. Due to the
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great difference in phase velocities between the fast and the slow
cyclotron waves, it is relatively simple to couple to the fast or the
slow cyclotron waves separately. Figure 81 presents the results of these
couplings. The circuit is excited to propagate the 0 mode with signal
frequency of 1200 Mc. At point A the fast cyclotron wave couples with
the forward circuit wave at V, = 100 v and Iy = 0.39 amp (the magnetic
field is about 470 gauss/amp); while at point B the fast cyclotron wave
couples with the backward circuit wave at V, = 100 v and Ig=1.41 amp.
The former coupling is a co-flow type (the waves coupled together have
their group velocities in the same direction); therefore Kompfner-dip
type circuit loss is observed. The latter coupling is a contra-flow type
(the waves coupled together have their group velocities in the opposite
direction); therefore exponential-type circuit loss is observed. At
point C the forward circuit wave couples to the negative-energy slow
cyclotron wave; therefore, some gain rather than a Kompfner-dip is ob-
served. It should be noted that it is impossible to have the slow

cyclotron wave coupled with the backward 0O-mode circuit wave.

Figure 82 shows co-flow coupling to the beam waves by the -1 mode
circuit wave, with beam current as a parameter. The left side shows
frequencies with ka < 1 and with negative phase velocity. The right
side shows frequencies with ka > 1 and with positive phase velocity.
For the same beam current, one can observe from Fig. 82 that the coupling
coefficient increases as the signal frequency is increased for ka <1
and decreases with increases in frequency for ka > 1. Figure 83 shows
the contra-flow coupling to the fast cyclotron wave for which the ex-
ponential dip pattern was observed. At fixed beam voltage, the magnetic
field which brings the fast cyclotron wave into synchronism with the
-1 mode circuit wave can be measured and compared with theory. As shown
in Fig. 84, good agreement with the coupled-mode theory is observed.
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FIG. 81. THE COUPLINGS BETWEEN BEAM WAVES AND TEZ O MODE CIRCUIT
WAVE AT f=1.2 kMc. a. Forward O mode and fast cyclotron wave. ’
b. Backward O mode and fast cyclotron wave. c. Forward O mode and slow
cyclotron wave,
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FIG. 82. THE CO-FLOW COUPLING BETWEEN THE FAST CYCLOTRON WAVE AND THE
-1 MODE CIRCUIT WAVE.
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2. Measurement of the «-8 Diagram of the Circuit by the Interaction
with the Beam Waves

The propagation characteristic of the circuit forward 0 mode
and the backward -1 mode can be measured by the interaction with the con-
ventional longitudinal space-charge beam waves. The beam voltage at
which such longitudinal interaction was observed is plotted as a function
of signal frequency in Fig. 85. The wave number corresponding to any
given signal frequency can then be calculated from the observed beam
voltage. The plot of this wave number as a function of frequency is shown
by the circled dots in Fig. 86.
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FIG. 85. THE BEAM VOLTAGE AT WHICH LONGITUDINAL INTERACTION
OCCURS, AS A FUNCTION OF FREQUENCY.
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The interaction with transverse beam waves can also be used to
measure the «-8 characteristics. For a fixed signal frequency, the
interaction can be observed by successive tuning of the beam voltage and
the magnetic field. For fast cyclotron-wave interaction, if the inter-
action shifts to higher beam voltage as one increases the magnetic field,
the wave number of the circuit mode is negative; otherwise it is positive.
For slow cyclotron-wave interaction, the situation reverses; that is, if
the interaction shifts to higher beam voltage as one increases the mag-
netic field, the wave number is positive. The slow cyclotron wave can
only couple to a circuit wave with positive wave number. A plot of the
square root of the beam voltage vs the magnetic field, following such an
interaction, should be a straight line. The slope of this line gives the
magnitude of the wave number 5. Typical measured points are shown in
Fig. 86 by squared dots; the behavior is indeed linear. It is found that
this technique is very useful in measuring the propagation characteristic
of a fast circuit wave which is not measurable by the longitudinal inter-
action. The dielectric loading factor of the helix in the experimental
tube is found to be 0.875. This is slightly smaller than the value from

the less accurate cold measurement.

3. Measurement of the Coupling Coefficient and the Transverse Impedance

The coupling coefficient is a function of the beam current and the
frequency as studied in Chapter III. It can be measured as a function of
current by measuring the circuit power loss when the fast cyclotron wave

is coupled with the circuit. Mathematically:

’P
kL = cos™! 1% = C /T;

where P_ = power output under coupling conditions and P = power output
without coupling. Therefore, a plot of (cos™! /5:7572 vs I, should be
a straight line., The slope of this line will give the coupling coef-
ficient for fixed beam current. The transverse impedance can be calcu-

lated from this slope as follows:

slope = c?
V .
Kt-_z—gxa_'gxslope
ﬁ2 «
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Measurements of (cos"! VPc/P)2

vs I

o

for various signal frequencies
are shown in Fig. 87 for the -1 mode circuit wave and in Fig. 88 for

the 0 mode. The results check with the theory and form a set of straight

lines. From the slopes of these straight lines the transverse impedances

at various frequencies were calculated and plotted vs (ka +n) in Fig. 89

for both the -1 mode and the 0

mode..

The measured impedances are quite

close to the theoretical curve, but the values are a small amount lower

than the theoretical curve. This is thought to be due to the fact that

the beam is not concentrated on one thin layer but is distributed over

a range of 0.025 in. in thickness.
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FIG. 87. THE MEASURED (cos-! VPc/P)2 OF THE -1 MODE VS I

FOR VARIOUS FREQUENCIES.
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4, Measurem the O n of Simultaneo

dc Pumping on Cyclotron Waves

As discussed in Chapter IV, this tube does not represent a good
design for amplification. However, some pumped gain under simultaneous
coupling can be observed. For example, in Fig. 90, the circuit output
shows fast wave coupling when the pump voltage is off, and some gain
when the pump is on. The tube performance is further hampered by the fact
the tube exhibits a spurious oscillation in the gun region above about
3 ma of beam current. Various methods were tried in order to eliminate
this oscillation. With the best arrangement the tube could be operated up
to about 6 ma without oscillation. By sweeping the pump voltage to large
amplitudes, we were able to observe various output pattern changes as pre-
dicted in Chapter ITI. Figure 91 shows oscilloscope traces of the observed
output. The pump voltage is zero on the left side of the curves and in-
creases toward the right. As the beam current is increased on subsequent
curves, one first observes the Kompfner diﬁ, followed by a rapid ex-
ponential increase in output. The Kompfner dip with zero pump voltage

(k_L = 7/2) occurs at about 4 ma. DBelow this current, increasing the

Pump on

300
VO (VO‘tS)

FIG. 90. THE PUMPED GAIN OF THE CIRCUIT WAVE,
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FIG. 91. THE OUTPUT AS A FUNCTION OF PUMPING VOLTAGE AT f{ = 3700 Mc
WITH BEAM CURRENT AS A PARAMETER. (Oscilloscope gain is the same in all traces.)
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pump voltage causes first a null, and then exponential gain. Above this
current, there is no null point and the circuit output continually in-
creases as one turns up the pump voltage. This strongly confirms the
theory of this scheme of operation. The observed output as a function of
pump voltage is plotted for some typical cases in Fig. 92 and compared
with the theoretical values. Good agreement is shown.

v T T T 03C1LLOSCOPE
WiTH ¥, oeP
For f = 1310 Mo ~$26vT0 4528 v

F—— EXPERINENTAL

FOR f = 1240 Mc

SIGNAL OUTPUTS

o i i 1 i
FOR f = 1130 Mc
4
EXPERIENTAL
o > Tl!‘li“cAL
sgp— o

0 1 I L A

0 100 200 300 400 600
Iv!

PUNP VOLTAGE DETWEEN CENTER ROD AND NELIX.

FIG. 92. THE COMPARISON OF THE OBSERVED AND CALCULATED OUTPUT
VS PUMNPING VOLTAGE.
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5. Measured Ggin and Bandwidth

Gain was measured at various frequencies in both L- and S-bands. v
The highest gain observed was about 4 db at f = 3.7 kMc. Figure 93
shows the gain measured at various frequencies with 1000 v pumping and
6 ma beam current. The solid line is the theoretical calculated curve.
It is noted that the greatest discrepancy between the theoretical curve
and the measured points happens close to the forbidden gap of the helix
at ka =1 or f = 3.3 kMc. All other points show good agreement with
theory. Note that these points were measured with all voltages and
currents fixed, although the impedance matches were optimized at each
frequency. The bandwidth is extremely large and actually covers both L-
and S-bands except for the forbidden gap in the center. If the helix
had no stop band, the gain would continue through this region.

L] ¥ Ll L I L L) v
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kA ~
= 51 —eevona ° 0 =~
3 = Y O NN -
- ° o o 1
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o 1 1
2.5 3.0 3.5 4.0 8.5
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FIG. 93. THE MEASURED GAIN AT VARIOUS FREQUENCIES FOR
SYNCHRONOUS ELECTRON BEAM UNDER + - + - DC PUMPING.
6. Sensitivity to dc Beam Voltage, Magnetic Field, and the Lens
Effect
The gain was found to be very sensitive with respect to the de
beam voltage and the magnetic field, but insensitive with respect to the
anode voltage. Figure 94 shows the variation of the output as a function
of the percentage change in these parameters, The curves indicate that
for stable operation, well-regulated power supplies are required for
control of the beam voltage and magnetic field. \
\
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FIG. 94. THE SENSITIVITY OF THE OPERATION TO
DC BEAM VOLTAGE, MAGNETIC FIELD, AND THE
LENS EFFECT.

7. Observation of High-Gain Operation Under Other Arrangements

We were surprised during the experimental program to observe
high-gain operation for dc pumping of one synchronous wave and one
cyclotron wave. Two sets of experimental conditions leading to this
situation were observed, both resulting in high gain. In the first ex-
periment, the beam voltage was lowered and hence the electron beam slowed
down such that the electrons rotated two cyclotron cycles within one
pitch of the helix, or one cyclotron cycle within one period of the dc
electrostatic pumping field. With this arrangement the electron beam
experiences a pumping field with wave number ﬁp = - 4n/p = -f,. This
operation is clearly shown in the «-B diagram in Fig. 95, together with
the measured gain vs pumping voltage at a particular frequency of 3700 Mc.
About 10 db gain is observed with only 400 v pumping. Current inter-
ception on the helix starts at about 420 v, and the gain drops rapidly
above this point as shown in Fig. 95. This mode of operation has a
narrow bandwidth for fixed beam voltage and magnetic field. However, it
has a wide tuning range with suitable tuning of the magnetic field and the
beam voltage such that £, remains 4n/p.
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The second unexpected observation of high gain was made using
axial antisymmetrical pumping instead of axial symmetrical pumping, i.e.,
connecting + + - - dc pump voltages to successive helices instead of
the usual + - + - connections. In essence, the quadrifilar helix is
operated as a bifilar helix with two adjacent helices at a positive
potential and the remaining two helices at the same negative potential,
relative to the center conductor. This pumping field has a wave number
exactly half that of the normal mode of operation, because the period
along the z-axis is twice as large. The wave number of the pumping field
is ﬁp = - 2n/p » -f,. The electron beam is operated at its normal
synchronous velocity. The «-5 diagram explaining this operation is
presented in Fig., 96. From this diagram one can see that this arrange-

ment has a potentiality for wideband operation.

It should be pointed out that the first and the second arrange-
ments both have the pumping-wave number equal to the cyclotron wave
number. This tells us they are essentially similar operations. Figure
96 shows the measured gain in db as a function of pump voltage at the
frequency 3700 Mc for the second case, with the beam voltage at 300 v
and the beam current at 6 ma. High gain requires a higher pump voltage
compared with the results measured under the first arrangement. This
is because a lower beam current is used in the second arrangement which
has the beam velocity in synchronism with the circuit fundamental mode.
To keep the tube below oscillation, the current is limited to 6 ma. In
the first arrangement our experimental tube could be operated at a higher
beam current without oscillation. However, saturation occurs at about
the same gain level of 10 db in both cases at the same frequency.

Our original theory in Chapter II predicts no amplification under
this pumping condition, namely, ﬁp = B.. This discrepancy is believed
to come from the fact that we used the field expression of a simple
quadrifilar helix without center conductor in the analysis in Chapter II,
whereas we actually used a complicated quadrifilar helix with center
conductor in the experimental tube. If one goes back to the mathematics
and takes into account the effect that is due to the existence of the
center conductor inside the helix, it is found that these operations
actually involve all four beam waves and can yield linear gain. This
essentially opens a new subject for further studies; a detailed analysis
of these new modes of operation will not be presented here.
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VI. CONCLUSION AND RECOMMENDATIONS FOR FURTHER STUDIES

In this study, a complete theory of the amplification of cyclotron
waves using simultaneous rf coupling and dc pumping is established.
Detailed design criteria are also presented. For most operating fre-
quencies, a hollow beam in a helix with center conducting rod appears to
be an optimum structure, in part because of the improved pumping strength,
and in part because of the comparatively small frequency dependence of
the coupling coefficient. Though the bandwidth in practice is somewhat
narrowed by the rapid drop in actual interaction impedance compared with
the theoretical curve used in arriving at the original prediction, it is
conservative to say that the bandwidth would be double that of con-
ventional traveling-wave tubes because in this operation more than twice
as large a range of ka can be used. The experimental results from the
tube tested are in good correlation with the theoretical predictions and
calculations. The low gain obtained is essentially due to an over-
estimation of pumping strength in the original design. The tube has been
tested throughout the L- and S-bands, and very wide bandwidths are ob-
served. These results would be interesting for applications where large

bandwidths are required.

An unexpected observation of high-gain operation for dc pumping with
phase number equal to the cyclotron phase number (ﬁp = .B.) raises further
problems for theoretical and experimental study, in order to gain full
understanding of this type of operation and to explore all other possible

types of operations, if any.

Since the radius of the helix under our mode of operation (namely,
the simultaneous rf coupling and dc pumping) is about 5 to 10 times
larger than that of the conventional traveling-wave tube operating at the
same frequency, this provides a larger available beam area (somewhat
mitigated by the use of hollow beams). Thus, the power capability in this
mode of operation may be higher. It seems qualitatively that this mode
of operation may also offer higher frequency limits from the fabrication
point of view, due to the larger size of helix employed. However, because
a quadrifilar (possibly bifilar) helix is required instead of a single
helix, the construction is more complicated. Structures other than helices
which can possibly be used for this operation are flat helices, inter-
digital lines with ground plane, two interspaced meander lines with ground
plane, and any other structure which can propagate a wideband circuit wave
and support an active dc pumping field. All these possibilities would be
of interest for further explorations and quantitative atudies.
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APPENDIX A. THE POTENTIAL DISTRIBUTION INSIDE THE QUADRIFILAR
HELIX WITH AXIALLY SYMMETRIC DC PUMPING

The potential distribution inside the quadrifilar helix with axially
symmetric dc pumping as shown in Fig. 6 can be derived by solving
Laplace’s equation:

2

<

-!'-_?_ .a_-v+_L32—v-+-——-
r ar( r ar) 2 W2 32 0 (A.1)

The solution may be assumed in product form, RZg, where R ias a function
of r alone, Z of z alone, and ¢ of ¢ alone. In matching the
boundary conditions of the quadrifilar helix, Z has solutions in sinus-
oidal function with spatial periodicity p/2; ¢ also has solutions in
sinusoidal form with circumferential periodicity #; and R has solutions
of the Bessel type. Since the center axis of the helix is included in

the solution, the Bessel solution of the second kind will not appear in
the result, in order that it be finite at the center. By going through
the mathematics, one can readily find that the solution that satisfies

the present boundary situation is of the following form:

V = AJg (kr) * sin (2¢-2ﬁqz) (A.2)

This can be simplified for small kr by taking only the smallest order

term in the series expansion as an approximation of the Bessel function
Kr? .
V= e sin (2¢-2ﬁqz) (A.3)

where ﬁq = 2n/p, k and A are constants, K = A2, Expanding the sine

factor, one can easily obtain
V= % [2xy cos 2ﬂqz- (x2 - y2) sin Zﬁqz] (A.4)

as introduced in Eq. (2.4).
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APPENDIX B. FOUR-WAVE ANALYSIS

As analyzed in Chapter III, a quadrifilar helix can be used as a s
simultaneous rf coupling and dc pumping structure for cyclotron-wave
amplification. We obtained the complete solution for the case where the
coupling coefficient for the +1 mode circuit wave is negligibly small.

In that case, the +l mode circuit can be considered as uncoupled, so

that only three waves are involved within this structure. The fast
cyclotron wave is passively coupled with the -1 mode circuit wave by
circuit design, and the fast cyclotron wave is also actively coupled with
the slow cyclotron wave by means of dc pumping. Because of these couplings,
all three waves will grow exponentially with distance along the beam. As
a consequence, this amplifier does not possess low-noise characteristics
such as the Adler-Wade tube does. As shown in Fig. 46, this amplifier
may have a large bandwidth over a 50-db pump range. This novel charac-
teristic leads to an interest in finding the effect of the +1 mode circuit
wave when the coupling to this mode is not negligible. In this case we
will add one more coupling into the problem, i.e., the +l mode circuit
wave coupled with the slow cyclotron wave in the beam. The coupled-mode

equations for the four-wave case are:

dA . +l »
o2 = dke AT g A
dAg 1
== = ik. ASD 4k A,
da(+l)
M -jky A
dz s
(-1)
dA Ly ®
-—Q——dz = *Jk_ Af
where k, = coupling coefficient for +1 mode
k. = coupling coefficient for -1 mode
kp s coupling coefficient for dc pumping
As+l) = magnitude of +1 mode on the circuit .
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Ag'l) = magnitude of -1 mode on the circuit
A, = magnitude of slow wave in the beam

Ag = magnitude of fast wave in the beam.

By Laplace transformation we have the Laplacian solution for the coupled-
mode equations as:

o

0 (s) 7 ™ a(a2ek?) o2, ike(s24s?) jhgk.s ™ AL(0) T
agls) o, s(s2-k2) jkgkes jk_(a2-k?) Ag(0)
=1
I
() -ikgtaad)y ks steladad) gk kg Al o)
_.g-v(.)d i jekls  kl(skd) -kpklk, -(-2-k§-kz)J Al-D(o)
where

8= st (k2 + ky - k2 82 - kT K2

. (82 - sf) (s2 . s%)
and

Bl'a, 89 'Jﬁ

%
a
{ﬁ}.[%f(kg i - gl a2 e o)

It is evident that a gives exponentially growing components and /

gives sinusoidally nongrowing components.

The complete solution can be written as:

i A (z) 7 r 8s,s 8s,f &+ g.'_-1 ™ A (0) 7
Ag(2) 8f,s B&f,f 68f+ Bf,. || As(O)
A£+1)(l) B+, B+ f B+ + B+. Ag+l)(°)
L A‘(,'l)(z)J _ s.,s 8., 8&,+ 6.,.JL {-12(0) _
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where
8s,s

- 2
:é-l;‘-z-[(a +

8¢ ¢ = —4— [(a2
i

B+,+ ® —El- [(a?
a +p2

I 2
g.,- a.2+/32 {(a

k2) cosh az + (B2 - k) cos Bs) *
k%) cosh az + (ﬁz + kg) cos Sz)
kg + k?) cosh az + (,52 + kg - k?) cos Bz)

k2 - k%) cosh az + (82 + k2 + k) cos fil

Bs,f ° —LR . [a sinh az + B sin Bz)

42+52
88"‘.--—;-8+3-

k k

ik k2 k2
a’2+;2[a(1 + ;E) sinh az + ,B(l . zii) sin ﬁz]

- ik k
8s,- "5 8.8 " iEB—é [a sinh az + 8 sin 5z]
k a“+f

ks jk

Bf,+ * - v 8+, ¢
k3

k
= Pt [A sinh az + S sin fz)

a2ﬁ2

k ik
8f,- " — 8., f°* i%;; ((a? - k%) cosh az + (ﬁz + k?) cos fz]
k a‘B

a

k.kyi kok_ky
g4 . .._._‘".8_ +-_2_:_i[.1_uinha.z-%ainﬁz]

For gain studies, the

a2 2

most interesting terms are the power gains of

the circuit waves with a tube length L. They can be expressed in a
form useful for calculation as follows:
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G.,. = (8.,.02 = [(1-C.) cosh a’ (kpl) +(1+C.) con £ (kyL)]2

Gy, 4 = (84,12 = 1 [(1-Cy) cosh a’ (kyL) +(14Cy) cos B (kpL)]2

and

G, . =G, 4 = ﬁ; [’ sinh a’ (ka) - a' sin B (ka)]2

D=Vl +73. 722 ¢ 413 12

PRELEETRL R

l‘lﬂ'
o |+

w‘

"
I"R‘
o |

ka s the pump level.

Let us consider a special case such that the coupling coefficient

for the +1 mode equals that of the -1 mode, i.e., 74 = 7. = 7. Then

we have
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AT ;
a’
./l
5 5 (Dz1)
C -l—.LZI.?.
- D
C+ -L.Z‘r_z.

The gains for this special case are plotted as functions of 7 in Fig. 97
for the pump level Gpo = 20 db; in Fig. 98 for Gpo = 40 db; and in

Fig. 99 for Gpo = 60 db. Referring to the curves of the frequency
parameter vs ka = aVa%, as shown in Figs. 42, 43, and 44, one can notice
the bandwidth is essentially unlimited. There is no upper limit on the
value of 7 as in the three-wave case. Therefore, the four-wave coupling
operation might give even better bandwidth than the three-wave coupling
operation in this case.

20
]
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=
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TeTLeT,

FIG. 97. THE GAINS OF THE CIRCUIT WAVES PLOTTED AS
FUNCTIONS OF T AT PUMP LEVEL GPD = 20 db.
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APPENDIX C: ‘THE TRANSV:iSL PMPECANGE OF HELICES WITH CE&TER &NDUCTOR

The transverse impedance i o «

wotri{ilar helix with center conductor
close to the helix as siuwn 0 fi0 0% cun be derived from the simpli-
fied trangverse L fie 4 40 [oliows

.\ v

A 0<z<w

a-b

g Ving w<z<w+§8§=PR
: 4
i

e oy L <z <P +yw
g o i 4 4
I3
: I P +w<z<ZP
g 2

E (2) -‘>

Vg exp(-j
S . Ciy P< <P+ yw
a - b 2 2
o Coy P+y<gzg<3
2 4

Ve 6xp("j P

...:-.—....-....-_‘ o | KTRE .§2 < z < iﬂ + w
i a - b 4 4
; .

J i e %f +w<z<p (B.1)

wherve the V's are t+ c:vititine voltage on each helix at the input

plane (z = %) aud are linw.: . P is:tions of the four independent modes
as shewn in Egq, (2.8%° ! wbhese & is the phase delay in a full pitch,
L; - PATEE A W amaame bthae »
. ‘ -3B.2
‘.,.!",‘.5 : :"*‘vl' ' Jﬁn (B- 2)
14}

where

) © w7 w (ka +n) 2 (B.3)

i P
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FIG. 100. THE DIMENSIONS OF A QUADRIFILAR HELIX
WITH CENTER CONDUCTOR.

Then:

p .
Etn « 1 f Eg(') ‘Jﬂn' ds (B.4)
Po )

This integration consists of four intervals, and the solution is found
to be:

w exp(j 1 Bw)
E,, '—e—::‘.‘J?fTL',‘ sinc (L Aw) (v ¢V om [ }(ﬁ,p-e)]

+ V3 exp [j %(ﬁnp - 6)] +Vg exp [j %(ﬂnp- 0)] ) (B.S)

where sinc x = {810 X) gipce
X

Bgp -6 = (ka+n) 27- 2nka = 2m (B.6)

- 157 - SEL-62-151

A——



and note:
exp (j(7/2)]) = j (B.7)
80

j 1
E,, = el RS vy +()® V n . yn
tn = —a B sine (3 Auv) V] + () Vg + (-1)P V34 ()P ¥yl (B.8)

Substituting the normal modes of Eq. (2.83) into Eq. (B.8), we have:

w exp(j 1 ﬁn') .
Een = p(._%) sinc(-;-ﬁnw) A1+ G+ (- +(-5)") e e ——

FAL D -G - GO 4550 + A 1+ - (-1)P - 5(-5)P)
+tAQl- G+ (-D"- (-j)0]} (B.9)

The power flow in the quadrifilar helix is:

P - —2-é—° (V)V] + VoVa + V3V + V,V}) (B. 10)

Substituting the normal modes of Eq. (2.83) into Eq. (B.10) and approxi-
mating the characteristic impedance Z;, as that of a strip line above

a ground plane,

- [#a-b
Z, f: - (B.11)
then:
. . . .
p o 2(AcAq +A41A4) +A.)AL) +AgA9) (B.12)

Juea-t

€ \J

Therefore from the definition of K, as shown in Siegman's paper
(Ref. 2]:
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.en 4p2p 18,1 (a-b) [ka +n] (B.13)

or:

30 4‘;! aincz(-;- ﬁn')

Ken = 18, (a-b) [ka +n]

(B.14)

For the helix made of wide tape with small gap, i.e., & << w, one
can approximate 4w ™~ p; and for small JB;'s, sinc (1/2 S w) is
approximately unity. The transverse impedance is then approximately

K (B. 14a)

. 30
tn " T5. T (a-b) Jka +n]
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APPENDIX D. THE PUMPING COEFFICIENT OF A QUADRIFILAR HELIX
WITH CENTER CONDUCTING ROD

The large-radius and small-pitch-angle quadrifilar helix with center
conductor close to the helix can be developed to form a two-dimensional
structure as shown in Fig. 101. This structure provides a two-dimensional
electrostatic field with periodicity in the z-direction. In the
x-direction, the structure is considered wide enough so that no end effects
need be taken into consideration (i.e., 27ma >> a-b). By solving the
Laplace equation and matching the boundary conditions, one can readily
find that the potential distribution within this structure is

sinh ﬁj(y - b)

ainh B, (s -B) sin B2 (D.1)

VeV, 4 |Vl 2 Ay
n
where V, is the base potential on the ground plane developed from the
center conductor, Vp is the pump voltage, the A s are constants chosen
to match the boundary conditions, and S, =~ (2n-1) 4n/p.

,I,,I,,II,/A ’IIII/IIIIIIIIIII/

iL_-#.__

FIG. 101, A DEVELOPED QUADRIFILAR HELIX WITH CENTER CONDUCTOR
CLOSE TO TRE HELIX.
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Substituting this potential distribution into the equation of
motion of an electron and considering only the predominant fundamental
variation of the fields, i.e., n = 1, one obtains

d2y
E—zl ") g coth AL (yo +y) - b) sin Bz = 0 (D.2)

where Y, 1is the electron position without pumping, y] is the deviation
of the electron position from y,, and

7] = ot
ﬁl"ép!'zﬁQ'ﬁP (D. 3)
R AN

a% sinh 5)(a - b)

For small pumping strength, the axial velocity of the electrons can
be considered as a constant. Then one can transfer the electron moving
frame to the laboratory frame by:

6 - 6y = B2 (D. 4)
and one can also make the following approximations
cosh fiy; T 1 and sinh fy, ¥ /51)'1 (D.5S)

Then the differential equation for y; becomes

dzyl

o2 +ﬁgyl~4ﬁc(7’%+sy1)sin Bz =0 (D.6)
z
where
c® 3—;—";- cosh B)(y, - b) (D.7)
s = E‘f_,i sinh B1(y, - b) (D.8)
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Since y) is a linear combination of the four transverse waves

. j B2 -J
yl.J[Af e +Ase‘]'3°z-A1-A2] (D.9)
Substituting this relation into Eq. (D.6), one obtains the key equation
that shows the interaction among the beam waves due to the pumping field

with varying helix pitch,

2 . 2 .
[d At j2B flf.i] Pz [ 474, j2 s 3B
dz2 ¢ dz dz2 ¢ dz

. iBgz -iBez Bz -iBz
= -328. | < + c® 4 c® _ A, - ( .
328, [J'ﬁl s(Ag e A, e A Az)] e e )
(D.10)
For the case that the electron travels one pitch in one cyclotron period,

that is, B; = 26,, one finds that the fast and the slow cyclotron waves
are coupled, due to this pumping field, in the form

a2a dAs

p 2f + 528, rr =328, s Ag (D.11)
z

a2A, . dA, .

1 2 - J2ﬁc -:iT = +32ﬁc s Af (D.12)
z

Assume the magnitudes of the waves vary as e¥Z, Then the eigenvalues

of v must satisfy the following equation

V2 + i2bv 26,8
=0 (D.13)

-§2B.s v2 - j2B.v
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These eigenvalues are

Y1 v3
= ta = % jf (D. 14)
Vz V4

where

114

s . (D.15)

a-/2,83(/1+;-:-- 1)

[

B 253(/1*/‘3-25"1)*2/3.: 1+ 82 (D.16)

. 452

Hence the exponentiilly growing pumping coefficient is

sinh 28.(y,-b) IV |5,

k. = -
* "0 ek 28,(a - B) 2V

(D.17)
o
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